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Abstract 

We study the extended supersymmetric integrable hierarchy underlying the Pohlmeyer reduction of superstring 
sigma models on semi-symmetric superspaces F/G. This integrable hierarchy is constructed by coupling two copies 
of the homogeneous integrable hierarchy associated to the loop Lie superalgebra extension f of the Lie superalgebra f 
of F and this is done by means of the algebraic dressing technique and a Riemann-Hilbert factorization problem. By 
using the Drinfeld-Sokolov procedure we construct explicitly, a set of 2D spin ±1/2 conserved supercharges generating 
supersymmetry flows in the phase space of the reduced model. We introduce the bi-Hamiltonian structure of the 
extended homogeneous hierarchy and show that the two brackets are of the Kostant-Kirillov type on the co-adjoint 
orbits defined by the light-cone Lax operators L±. By using the second symplectic structure, we show that these 
supersymmetries are Hamiltonian flows, we compute part of the supercharge algebra and find the supersymmetric 
field variations they induce. We also show that this second Poisson structure coincides with the canonical Lorentz- 
invariant symplectic structure of the WZNW model involved in the Lagrangian formulation of the extended integrable 
hierarchy, namely, the semi-symmetric space sine-Gordon model (SSSSG), which is the Pohlmeyer reduced action 
functional for the transverse degrees of freedom of superstring sigma models on the cosets F/G. We work out in some 
detail the Pohlmeyer reduction of the AdS2 x 5*^ and the AdSi x 5*^ superstrings and show that the new conserved 
supercharges can be related to the supercharges extracted from 2D superspace. In particular, for the ^£^5*2 x 5*^ 
example, they are formally the same. 
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1 Introduction. 



Recently [T], Grigoriev and Tseytlin motivated by a desired to find a useful 2D Lorentz-invariant reformulation of 
the classical-integrable AdSs x Green-Schwarz (GS) superstring world-sheet theory in terms of physical/transverse 
degrees of freedom only, constructed the Pohlmeyer reduced version of the AdS^ x coset sigma model action. The 
corresponding reduced Lagrangian is of a non-Abelian Toda type: a gauged WZNW model with an integrable potential 
coupled to a set of 2D fermionic fields. Some of the main features of the reduced action is that it is Lorentz-invariant, the 
small-fluctuation spectrum near the trivial vacuum has the same number of bosonic and fermionic degrees of freedom 
and its integrable structure is equivalent to that of the initial sigma model. The structure of the reduced action suggest 
the presence of 2D supersymmetry, a fact that was confirmed explicitly for the simplest case of the sigma model on 
^^5*2 X S*^, which turned out to be equivalent to the (2, 2) supersymmetric extension of the sine-Gordon model [T]. 

In [2] were discussed the possible existence of hidden 2D supersymmetry in the first non-trivial reduced model 
which corresponds to the GS sigma model in the AdS^ x background. The reduced action seems to be a (2, 2) 
supersymmetric extension of the complex sine-Gordon coupled in a non-trivial way with its hyperbolic counterpart, i.e 
the (2, 2) complex sinh-Gordon model, but its explicit superspace structure could not been identified as was done in 
the AdS2 X S"^ case. 

The Lie algebraic structure behind the Pohlmeyer reduction goes beyond the AdS^ x case and is common to 
other sigma models and such a reduction can be performed, in principle and without major complications, on any GS 
superstring sigma model on a semi-symmetric superspace F/G, in which the Lie algebra g of G is the zero locus of a Z4 
automorphism of the Lie superalgebra f of F. However, despite of the simplicity for constructing the reduced models, 
there are still a number of open problems yet to be solved at the classical level, see for instance Among them 

and the one we are most interested here is related to the conjectured existence of world-sheet supersymmetry in the 
reduced models [T], which have resisted to go beyond the simplest case AdS2 x and remains as a non-trivial open 
question. It would be surprising to find it because of the initial sigma model is of GS type anyway. 

In the present contribution, we start to study this question from the point of view of integrable systems, providing 
some evidence supporting such a conjecture. The strategy will be to identify the integrable structure behind the 
Pohlmeyer reduction process and use it to identify the would-be 2D world-sheet supersymmetry with the fermionic 
symmetry flows already present in the underlying integrable hierarchy. The outcome is that the 2D supersymmetry is 
associated to a special loop superalgebra C f constructed out of a subalgebra f-*" C f by means of the dressing flow 
transformations. 

The outline of the paper is as follows. The chapter 2 is the main one and includes the general results. In section 2.1, 
we introduce the extended homogeneous hierarchy by using the dressing group and a Riemann-Hilbert factorization 
problem. The hierarchy is defined in terms of three gradations: the homogeneous gradation, associated to the loop 
extension f of the superalgebra f , the natural Z4 gradation of f , responsible for the matching of the physical degrees of 
freedom in the reduced model and a Z2 gradation, responsible for the consistency of the symmetry flows induced by a 
special sub-superalgebra of f. It is also shown how the usual gauge transformations can be interpreted as the lowest 
symmetry flows of the extended integrable hierarchy. In section 2.2, we define the relativistic sector of the hierarchy, 
which provides the Lax operators governing the Pohlmeyer reduced models. In section 2.3, we make a first tentative to 
introduce the 2D supersymmetry flows of the hierarchy, where some obstructions related to the locality of the gauge 
group are mentioned. In section 2.4, we make a review of the Lagrangian formulation of the relativistic sector of the 
hierarchy, i.e we introduce the semi-symmetric space sine-Gordon model (SSSSG), which is the action functional for the 
physical degrees of freedom in the reduction of GS sigma models. In section 2.5, we use the Drinfeld-Sokolov procedure 
to construct explicitly a set of dim fj^^ 2D spin ±1/2 conserved supercharges associated to the fermionic symmetry 
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flows generated by the odd elements of fj^^ of f . In section 2.6, we show that the extended homogeneous hierarchy 
is bi-Hamiltonian in which the two symplectic structures take the form of Kostant-Kirillov brackets on the co-adjoint 
orbits defined by the Lax operators L± introduced in section 2.2. In section 2.7, by using the second bracket, we 
compute part of the supercharge algebra, deduce the poisson form of the supersymmetry flow variations for the flelds 
showing that they are hamiltonian flows in the Pohlmeyer reduced phase space and also mention on a subtlety related 
to the presence of the gauge group in the supercharge algebra. It is also shown that the second symplectic structure 
is equivalent to the canonical symplectic structure of the WZNW model involved in the construction of the SSSSG 
models. In chapter 3, we make a fast review of the Pohlmeyer reduction process in order to show how everything fits 
in the construction presented in chapter 2. In chapter 4 we work out explicit examples with the aim of exploring, in a 
first approximation, the relation between some well-known superspace results with the supersymmetry flow approach 
we have adopted. Finally, we make the concluding remarks and pose what will be done in the near future. There are 
two appendices including some technical details used in the computations. We have included some previous known 
results in parts of the body of the paper with the aim of render it as self-contained as possible. 



2 General analysis. 

This is the main chapter and includes all the results of the paper. The idea is to introduce and study the integrable 
supersymmetric hierarchy underlying the Pohlmeyer reduction of superstring sigma models. The most important result 
is the explicit construction of the supercharges generating 2D Hamiltonian fermionic symmetry flows on the phase space 
of the reduced models, see (1551) below. 



2.1 The extended homogeneous hierarchy. 

Here we show how to locate gauge symmetries in the context of the algebraic dressing technique. We refine the results 
of [6] in order address later the situation we are most interested, namely the Pohlmeyer reduction of superstring sigma 
models. 

Start by considering a finite dimensional Lie superalgebra f endowed with an order four linear automorphism £7, 
17 : f f, f2 {[X, Y]) — [il {X) , il (Y)] , $7"* = /. The superalgebra f then admits a Z4 grade space decomposition 

f = fo®fi©f2©f3. (1) 

which is consistent with the (anti)-commutation relations [fi, fj] C f{i+j) mod4- The subspace fj is formed by the elements 
of f with Z4 grading j, f7(fj) = («)-' fj. The even (or bosonic) subalgebra is ~ fo©f2 while the odd (or fermionic) 
part of f is formed by = fi®f3. 

We need to introduce a semisimple element A G f2 which induces the following superalgebra spliting 

where f-^ = ker(ad(A)) and fH ee Im(ad(A)). 

We restric ourselves to the situation in which f admits an extra Z2 gradation a : f ^ f, <j {[X, Y]) — [a {X) , cr (Y)] , 
— I with a{f-^) = f-^ and cr(fll) = — f", implying that f is also a symmetric space0 

[f-'j-'] Cf-^, [f^,flll Cfll , [fll,f"lcf^. (2) 



^In particular, this is satisfied by the superalgebras entering the Pohlmeyer reduction of AdSn X S"", n = 2,3,5 and AdS4 x CP^ 
superstring sigma models. The only exception is n = 2, which has fg- = 0. 
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The algebraic structure underlying the integrable hierarchy we are interested in, is defined by the following graded 
loop Lie superalgebra 

+00 / 3 \ 

T= ^^"+'®f. , (3) 
nez=-oo \jei.=o J 

which can be rewriten as a half-integer decomposition 

+00 

I, [q, (4) 

reZ/2=-oo 

in terms of the homogeneous gradation Q = Zj^. The complex variable z will enter later in the Lax operators as the 
spectral parameter and it is worth to note that under Q, the integer and half-integer elements of f are, respectively, 
bosonic and fermionic in character. 

The splitting ([2]) is now lifted to the affine algebra f which we write in the form 

T=/cex, 

where ^ = JCb®JCf = ker(ad(A(±i))), M = Mb®Mf = Im(arf(A(±i))) and [Q, A^^^)] = ±A(±i). In what follows the 
superscript r of an element X^*") G stands for the homogeneous grading [Q, AT^'')] = rX'^'^\ r G Z/2 and projections 
along K, and M will be denoted by (*)^ and (*)", respectively. As above, we have 

[/C,/C]c/C, [/C,X]c7V/(, [X,X]c/C. (5) 

This homogeneous half-integer gradation is enough for all our purposes!^, namely, to introduce the symmetry flows, 
to deduce the Lax operators and to extract the conserved charges. The first and second relations in ([5]) are at the heart 
of the implementation of symmetry flows by means of the algebraic dressing technique in which the symmetries are 
associated to the subalgebra JC while the dynamical physical fields are associated to M. inducing a mapping 5]c '■ M. ^ M. 
from physical fields to physical fields. This is also the algebraic setting behind the Drinfeld-Sokolov procedure we shall 
use later. 

We now proceed to make this construction more precise. Decompose ([4]) as f = f_ + f+, where f± are the positive and 
negative subalgebras induced by the gradation Q and introduce the following loop supergroup matrices: the so-called 
dressing matrices 

e = exp(x(-^/^)+x^-'^+X^-'/'^ + ■••), Q' = B-'Q, (6) 

n = sn', n' = exp- (x^+^z^^ + x'+'^ + + ■•■) , 

where B eG = exp|o is the Toda field, x^''-' = V'*'''' + & lr, O^''^ & and V^'''' & 3 are related to the matter fields. 
Note that B appears in two different positions and this will be very useful later. 

Recall [3j that the dressing transformation of x e by g G -F is defined by = {xgx~^) _^ ^g±^ , where g — gZ^g+. 
For an element g = exp A with A — y4+ + A_ and A± G f ± , the infinitesimal dressing transformation is 

Sax X — X — ± (^xAx^^) _^x ^ xA±. (7) 

We are interested in using the kernel subalgebra JC to generate actions on the dressing matrices which are carrying 
the dynamical degrees of freedom. From ([7]) and the decomposition /C — /C_-|-/C+, we find the infinitesimal actions of 
A — A+ G /C+ and A — A- E JC- on x — Q and x = 11, respectively 

SA+e) = -{e)A+Q-^)_Q, jA_n = -H(nA_n-i) n, (8) 



^This is why we have chosen the name homogeneous integrable hierarchy in this paper. 
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where A± are linear combinations of elements of /C± and (*)_|_ stands for projections V± along f±. It is not difficult to 
show that for A ~ A_ and x = Q and for A = and a; = 11 the variations vanish, = and ^a+H = 0. Hence, 

in the present form, the dressing matrices (jS]) only evolve under half of the kernel algebra /C and we have two sets of 
decoupled evolution equations. 

Taking A± — t±„A^='="\ n e Z+, where A'^='=") g Cent (K.) belong to the center of K. and taking the limit t±„ 0, 
we obtaiio the isospectral evolutions of 6 and 11 



d+„Q = - (^eA(+")e-ij e, (9_„n ^ + {uA^-''^u-^j ^u. (9) 

From equations (|9]) we obtain the Lax connections 

A^+"^ - (eA(+")e-i)^ , A[f - (nA(-")n-i) (lo) 

and the Lax operators L+„ = c}+„ — A^"-*, i_„ = 9_„ + A\j from the dressing relations 

L_„ = nLr„n-\ L+„ = eL^„e-\ (ii) 

where L!^„ = 9±„ =F A^='=") are the vaccum Lax operators. The Baker- Akhiezer wave functions 'if± are defined by 
L±n^^ — and are given by 

M'- = eexp [ + E t+„A(+") J , ^ nexp [ - E t-„A(-") J . 

The equations ^ describe two identical but decoupled sets of evolution equations as we mentioned above, the 
coupling of the two sectors (of positive and negative times) is achieved by imposing the relation g = ^'1^4'+ with 
g = gZ^g+ £ F a, constant loop group element. Alternatively, we have (see also [3]) 



exp [ + E t+„A(+") J 5exp [ + ^ t-„A(-") J = Q~\t)U{t). 



(12) 



This is the Riemann-Hilbert factorization problem we use in order to extend the associated integrable hierarchy described 
by ([5]) to flow now under the negative times. From (IT^ we recover © and two important extra equations describing 
the isospectral evolution of O and H with respect opposite flow parameters 



d+nii = + [eA(+")e-ij_^ n, 9_„e = - (^nA(-")n-i j e. (13) 

These equations are extended to actions of A^ E /C+ and A^ E /C_ on H, 8 and besides of we also have now that 

Sa+h^ + {eA+e-^)^n, Sa.Q ^ ~ {TiA_n-^)_Q. (u) 

The equations ^ and (|T3)) . (|T4)) describe the isospectral evolution and non-Abelian variations of the dressing 
matrices 8 and H. Note that the flows associated to the positive times are dual to the ones associated to the negative 
times, in the sense that ]C*^_ ~ K.^ under the (assumed to exists) non-degenerate inner product {A, B) on f defined by 

(^(''^rf^))^ = 5r+sfi X Str {X ■ y), , (15) 
where X^^^ = ® Xr, X^ G fr and Str is the supertrace in some supermatrix representation of f. 

^Use 5yi^©/t+ = (^+© — 0) /i-i- — 9+n© and a similar expression for Sa_^- 
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The decomposition in terms of grades is slightly ambiguous because we can take f = f- + f+ with f_ = ffir<-i/2 
fr, f+ = (Br>o fr Or f_ = ©,-<o fr, f+ = ®r>+i/2 fr and this turn out to be related to gauge symmetries of the form 
Hl X Hn, as we shall see below. For the moment let us take into account this difference in order to rewrite the symmetry 
flows more explicitly. 

All the above evolution equations for Q and 11 are summarized into the flow equation^ 

6a+o = -(e^+e-i) e, <5A_n = + (nA^n-ij^^n, (i6) 



'<0 ' ' ^^^..-^^ 



where we have chosen to put the grade zero part fo in f-)_. Let us note that after the coupling the dynamical degrees of 
freedom are doubled by the extension because now we have two dressing matrices Q, 11 carrying different sets of fields. 

The RHS of (fT2|) can be written in an equivalent way because 9^^n = Q'^^H' , cf ([6]). In these prime variables the 
equations ([TC]) become 

SA^e' = -{e'A+e'-')^^e', 5a_ii' = + {n'A^n'-')^^n', (17) 
Sa^h' = +{&A+e'-')^^ii', SA_e' = -{n'A^n'-')^^e', 

where we have chosen to put the grade zero part fo in f _ . From (fT7|) we obtain the Lax connections 

A^jt"' = (e'A(+")e'-i) , a[j;"^ = (n'A(-")n'-i) (is) 

and the Lax operators = 9+„ — A^"\ L'_„ = 9_„ + A[[7"^ from the dressing relations ^TT} with Q,Il replaced 
by 0',n'. The prime and un-prime expressions make clear the projections to be used in computations. Of course, 
the two formulations are completely equivalent and it is not difficult to see that the Lax operators are related by a 
-B-conjugation 

L'±„ = B-'L±,,B. (19) 

However, as we will see along the text this is not an ordinary gauge transformation because in the decomposition 
fo = fo + foj the fo is the gauge algebra while in B e G = expfo we have physical fields in fg. 

In the mKdV hierarchy the grade zero part of the bosonic kernel is empty, i.e ICg^ = fo" = and this was the 
situation already considered in [B]. Now we have that /C^-* ^ 0, which is more interesting. In this case we have 
symmetry flows associated to f^. As mentioned before, this flows are nothing but usual gauge symmetries and now we 
proceed to identify them. 

The Hl X Hr gauge transformations are generated by the elements Kfjj^ ^ ^ i)R ~ fo ^ fo ^^'^ their action are 
encoded in the following flow equations 

SlO = - (ex[°^e-i)^^e, SlU = + (exf'e-i)^^n, (20) 

Consider the flrst line of (pUj) and a constant element K^f'^ G fjL • These equations give rise to the dressing relations 

e (sr. K^P) e-i ^Sr.- iff, n {6^) n-1 = 6^- xf. 



''One of the most remarkable properties of the flow equations III6I I. I I17I I is that they associate a 2D symmetry flow to every Lie algebra 
generator in K through a Lax operator of the form L/^ = 5^ + . The symmetry field variations arc obtained by dressing the identities 
[L^j-Lj^] = 0, where L^,L^ are the vacuum Lax operators. 
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The first equation is equivalent to the infinitesimal gauge transformations SlQ — Q and the second equation is 

equivalent to JlII'II'^^ = and S^B = Kf^B, where we have used 11 = BH' . Setting Tl — expXj^"'' e Hl = exp()i, 
we get the finite gauge transformations 

Ql^TlQTI\ Bl=TlB, ITL^n'. (21) 

Under these left-gauge transformations the Lax connections A^j*^"-* , A[j transform as 



preserving the compatibility conditions because Ff^^ = T ^FmnX ■ In an analogous way, considering the second line 

-(0) 



of (PD|) and an element k'^^^ € f)^ we have the dressing relations 



R ' 



which are equivalent to the infinitesimal gauge transformations 6rOQ ^ = 0, SrB — BK^^ and SrH' 
Setting Tn = exp e Hn — exptjji, we get the finite gauge transformations 



Ofl^e, Br = BTr, Wn = T]^'ll'TR. (22) 

Under ((22|) the Lax connections A^"'', A\j are gauge invariant and we have — Fmn- This is not an asymmetric 
behavior, if we perform the same analysis in the B-equivalent representation given by (jl7p with Lax connections Aq^"' 
, a[j7"\ the situation is reversed, i.e F^^ = F^^T r and = F^„. This is a consequence of the position of the 
Toda field in ©. 



Then, combining (|2T|) and \22\ we have the total finite action of the gauge group x Hr on the dressing matrices 

Q = TlQTI\ B = TlBTr, W=V-j^^IV'Tr (23) 
and from (jS]) we get the action on each graded subspace ip^^^^ £ f±j.- In particular and for future reference, we write 

^'^'^'^ = r^^(-V2)r-i, B = t.btr , = r^V^-^-^/^^r^. (24) 

Let us mention that these global gauge symmetries can be related to Kac-Moody algebras if we promote the gauge 
parameters to be chiral, see ([50)) below. 



2.2 Relativistic sector of the extended homogeneous hierarchy. 

In what follows we restrict the above construction to the subsystem associated to the fiows (t_i, t_i/2, io: i+i/25 ^+i) 
in the extended homogeneous (also AKNS) hierarchji. We have already identified the flows corresponding to to with 
gauge symmetries and now we want to deduce the Lax operators we are going to use and to find some immediate 
consequences. In the next section we initiate the study of the fcrmionic symmetry flows associated to i±i/2- 

The relativistic sector of the extended homogeneous hierarchy is deflned by (fTC)) . (|17l) for the two constant elements 
Af^^'' € IC± of grades ±1, associated to the isospectral times t±i — —x^. We are interested in the action of (|23l) . (|24)) 
as local gauge transformations preserving the compatibility conditions [L+, L-\ ~ = because of the relation 

^The name AKNS is because for the loop algebra si(2)(-'^', the times tj^\,tj\-i leads to the AKNS equations while the times t+i,t_i leads 
to the complex sine-Gordon equations (see [J])- 
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of this integrable hierarchy with the Pohlmeyer reduced models. Then, we add two gauge connections A^f'-' (z 1)l and 

(Ft) 

A]j_ e i}R to the Lax operators and transforming as folfows 



A 



A 



XR) 



getting the desired covariant behavior L±, — FLiiF^^ and L'^. = r^^L'^F/j. Exphcitly, they are 



and 



L'_ 



= d+-A 



(+1) 



d- - A^_^' - B ( 



,,(-1/2) ^^(-1) 



B- 



d+-A 



(R) 



B 



B, 



Q_ _ (^(0) ^ g(0) ^ ^(-1/2) ^ ^(-1) 



l(0) 



where 



(±1/2) _ 



± 



(±1/2) .(0) _ 



± 



(0) n(o) - 



(Tl/2) 



(25) 



(0) 



(26) 



bosonic fieldfl To identify the fields in a precise way we appeal to the relation p9| found above which relates the field 
content between L'j_ and L±. From L'_j_ = B~^L±B we find the relations 



The dynamical fields are encoded in the expressions ([25]) but these relations are rather obscure, at least for the 



_ ^(0) ^ ^(L) 



(27) 



where 



aV^) + + g(°\ IL""^ ~B-'d^B + B-'Ai^^B - gL" 



(0) 



(28) 



By projecting (l28l) along the gauge algebras ()l, f)_R, we find the componets as functions of the other fields 



(29) 



and by projecting along the image subspace Ai, we find the components A)^ in terms of the Toda field B and the 
gauge fields 

s II . s II 

(30) 



A^"^ =- d+BB-'+BA^^^B-'] , 



aL"^ = - ( B-'d-B - B-'A'^>B 



Under the inner product ()T5|) the relations (f27| satisfy 



A 



(0) 



= A 



- A 



A 



(0) 



= A 



-A 



and are functionals of the physical fields in A^, as should b^. 
Finally, we have the final form of the Lax pairfi 

L+{A) = d+-d+BB-^ - BAf^B 



L_ (A) = (9_ - a'l^ -Bitp"-: 



-,(-1/2) 



A^ 



(31) 



(32) 



^Note that the fermions are automatically in the image subspace jVf = 7^' . This is an important issue related to gauge fixing of the 
residual kappa symmetry in the reduction of superstring sigma models. 

These are contributions of the T±± components of the stress tensor T^^, see II65I I below. 
*This is way the components A^J^\ were termed as "missing" in [8]. They do not appear explicitly in the final form of L±. 
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and 



L'_{A) = d-+B-'^d-B-B-^A'^_^^B~iP^^^/^^ -A^S^\ 



(33) 



with 



A 



XL) 



(34) 



The equations of motion of the system are, by definition, given by the zero curvature = [L+, L_] of and 

they define the fermionic extension of the non-Abehan Toda models on the bi-quotient Hi\G/ Hj^. They are given by 



^( + 1/2) ^ _^(L)^( + l/2) ^ 



(35) 



(0) 



F 



F_ 



(-1/2) 

+ - 



D^^^ (d+BB-^ + BAf^B-^) - 



A^^'\BAt'^B-' 



B ( -Di"^il-'/'^ 



B-\ 



where d'"^^ = 



A 



and Df'> = d+ 



A 



(R) 
+ ' 



are the covariant derivatives for the Hl x Hr actions of the 



gauge group. The equations given by (|33)) are simply F'^_ — B ^F^ B. 

The gauge fields A^^\ Af ^ are flat, an important property to be used later. To see this, we note that the grade 
zero equations of motion and F'_^^ can be written, with the help of the Jacobi identity and the f'^^'^\ j/^^^/^^ 
equations of motion, as 



(0) _ 



F 



'(0) 



liL) 



a_AV^ - d+A 



- d+A 



{L) _ 
(R) 



where X^^^^ e f. Projecting F^}_ and F'^^} aloi 
that the connections A'"^\ Af ■* are pure gauge 



d+-A 



(L/R) 



"If ,aL^)' 




Afi\xi-i)" 




Af ' 1'^) 


+ 






respectively and taking into account (P^)). we 


_ j^iL/R)' 


^ 0. 





(36) 



In the (on-shell) gauge Af — 0, the equations of motion of the fermionic extension of the non-abelian Toda 
models ([55]) . together with the equations ([^ become, respectively. 



d-{d+BB-^) = Af'\BAL"')B-i" 



(37) 



d+BB-^ + gf 



(38) 



Note that in contrast to the purely bosonic non-Abelian Toda models which are characterized by the constraints 
{d+BB-^) = {B-^d-B) = 0, the new constraints psp are modified by the fermion bi-linears Q^£^ . These constraints 
mean that there are no dynamical degrees of freedom associated to the kernel subalgebra /C = f-^, as expected. Note 
that they are also some sort of classical bosonization rules. 
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To compute the classical spins of the fields, it is useful to add a central extension to the loop algebra ([3]) and 
introduce the central and gradation fields h'jfJ., in order to restore the conformal invariance of the equations (j37p . 
Writing B = jexplriQ] exp[i/C], 7 G G, we have that the equations 



(39) 



_1 , .(_R) _i 

77 + '7 



d-d+vC = 
d-d+riQ = 

are invariant under conformal transformations — >■ x'^ 
following manner 



Ai+^7AL-S-^ 



AL-'\7-Vi^'^'^ 



-r,/2 



^{x^ ,x 




= 7(x+,x ), 






-) 




) 


^ — uix'^ ,x' 


-) 








1 






"0- ^ "* {X^ -iX" 




= {hr'^'i^i-'/'\x+,x 





with the fields changing in the 

(40) 



where S is arbitrary and /' = 9+/, h' = d-h. Under a Lorentz transformation x^ —^x^= ^^^a;^ we can read off the 
classical spin of the fields. The bosonic fields are all scalars and the last two equations of (^(1)) imply that 

i^^^'^'\Cx+,r'oo-) = e'^'il;<^^'/^\x+,x-) (41) 

which instruct us to consider t/i^^^/^-* as legitimate two dimensional real spinors (Majorana-Weyl). This result is 
important because in the reduction process of superstring sigma models we start with world-sheet scalars but end up 
with world-sheet spinors. The reduction process will be review in chapter 3. 

To see how the Lax pair (j32p change under Lorentz transformations we need to use A±{^x^ ^ C^^a^ ) — ^^^^±(2;^, x^). 
Then, we have 

L±iA;z)=e'L±{A;^z) (42) 

and we see that the net effect of a Lorentz transformations is basically a rescaling of the spectral parameter z — ?> f z. 
From this we conclude that the equations of motion psp are Lorentz invariant because they are z-independent. This 
result is also important in the context of reduced models because this means that equations of motion for the transverse 
degrees of freedom of the superstring are Lorentz invariant. 



2.3 Introducing the supersymmetry flows variations. 

In this section we try to find the supersymmetry transformations associated to i±i/2 that leave invariant the fermionic 
non-Abelian Toda equations psp . The outcome, at this stage, is that we can defined consistent supersymmetry 
flows only when the gauge group Hl x Hji is global and there are no gauge fields A = 0. A deeper study of these 
supersymmetric flows, also introduced in [3], will be presented elsewhere [TUj . 

From the non-Abelian flow evolution equations (jl6p . we can associate to the constant grassmanian elements 
£)(±i/2) ^ ^ ^(±1/2)^ • ^ ...,dim/C^^^/^^ of the fermionic kernel of grade ±1/2, i.e K.^p^^'^\ the following 

two odd Lax variation operators 

L+1/2 = '5+1/2 - D^+^/^\ L_i/2 = <5-i/2 + I?[r'/'\ (43) 
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where, as in ((TU| . (ITT|) . we have 



<-l/2 



and a similar set of operators in the primed variables are obtained from (|17p . These satisfy the relation L'_^^^2 
B~^L^i/2B and imply that 



(44) 



At first sight, the supersymmetry variations for the fields would be extracted from the compatibility relations 
[L±i/2, — [-^±1/27 = as was done in the case of the mKdV hierarchy [6j (see also [4]), i.e, when A^"* = 

= Q (|32|) with K^q' = 0. Recall that under the local gauge transformations (|23p the Lax operators transforms 
covariantly L± ( A) =riL±(A)r^^. Then, in order for the compatibility relations [L-i-1/2, = [L±i/2, L-{A)\ ~0 

to transform covariantly as well, we require the operators L±i/2 to transform in the same way as L±{A) do, i.e £±1/2 = 
r]^Lj-i/2T^^. Let's see when this can occur. Under & = r^BF^^ and H = r^nr^ we have 



Then, the first obstruction for a covariant behavior appears when F^^ZJ^+^/^^Fi 7^ £)(+i/2) and F^^Z?^ ^^^^F^j ^ 
i:)(-i/2). Now, if we assume that there are elements of /C^^^^"* commuting with the entire gauge algebras t)L and f)fl, 
and that F^ is invariant under the ^±1/2 flows i.e 5-|-i/2FlF^^ = 0, then the desired gauge transformation holds. If this 
is the case we have from [L_j-i/2 5 ^+(^)] = [-^±1/21 ^-(^)] — 0, the following "supersymmetry" transformationJl 



and 



{6+,/2BB-^Y = 7A(-i/2),i^(+i/2) 



X /(+1/2) 
'5 + l/2'0 



+ 

(-1/2) 



(Z?V)i3)i?-i ,i^(+i/2) 



a''S'\b-'d^+'/^^b 



S+1/2A 



/2) 



5+1/2A 



/2^+ 



(B-i<5_i/2B)" 

X ;( + l/2) 

5-l/2^L-^/^^ 

^-1/24^^ 
-5+1/2^^^' 



^,(+1/2)^ ^(-1/2) 



A^+^\Bi?(-i/2)s-i 



B-'Di^^By ,D<^-'^^^ 



= 0, 



5(0) ^^(+1/2) 



+ ' 



j(o)^^;-i/2) 



where 



3(0) 



^( + 1/2) 4 (i) 



(Tl/2) £)(±l/2) 



^(-1/2)^ ^(i?) 



(45) 



(46) 



, we have used the equations of motion psp and the important assumption that 
= 0. 



^These transformations when 9^^' = 0, are essentially the same as the ones proposed by hand in 1 to be the on-shell supersymmetry 
transformations of a Lagrangian formulation of II35I I in the particular case of the Polhmeyer reduction of the AdS^ X superstring sigma 
model. 
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The assumption that an element Z? G /Cf in the fermionic kernel ICp commute with the entire gauge algebra is 
too stringent because the odd part 0i G g of a given Lie superalgebra = go © 0i provides the carrier space for some 
faithful representation R of the even part 0o G i-e [floifli] = R{Qo)Qi- Then, although tempting, the transformations 
(I45p . (j46p are incorrect in origin and the method used with success in the extended mKdV hierarchy does not apply 
here in the extended homogeneous hierarchy anymore. Another problem is related to the local character of and r^. 
After a gauge transformation, the supersymmetry parameters Z)(+^/^) — F^^D'+^/^^Fi and = D^^^^^^T ji 

are not constants and in principle there is no consistent supersymmetry. However, consistent supersymmetry flows 
can be defined when the gauge group is global because the action of [)l x preserves the fermionic kernel k!"p^^'^\ 
They simply rotate the generators F^^^^'^\ say K^i^\ F^'^^^^'' — Jl (^K^^^ ^ -^vi^jQ]^ jg equivalent to a linear 

combination of the constant grasmannian parameters and Ij. Then, we see that the global supersymmetry we are 
dealing with is of the extended type, namely, they include several fermionic symmetry flows transforming under the 
gauge algebra. This should not come as a surprise because the kernel algebra JC — K-b (B ICf is a sub-superalgebra of 
f = }C (B A4 anyway, in which the symmetries Sjc are generated by /C through the flow equations (|16p . (|17p . Below, we will 
use the Drinfeld-Sokolov procedure to construct a set of dim/C^^^^'' non-local fermionic conserved charges associated 
to the flows S±i/2 and transforming under the global part of the gauge group, arriving to a meaningful result, see 

In the on-shell gauge A^'^^ = A[^'^ — with global gauge group, the supersymmetry transformations of the extended 
homogeneous hierarchy are given by gSI, dMl) (with A'l^ = A':^^ = 0) and this fix the forms of the non-local terms 
to be 

^(±i/2)^g^i/^Ti^(±i/2)^±A-^^ (47) 



implying also the invariance of the constraints A'^^'' = A'^:^^ ~ 0, i.e ([55]) under the S±i/2 flows. Below, we will show 
that these supersymmetries are Hamiltonian flows under the second Poisson structure of the extended homogeneous 
hierarchy, see (l93|) . 

2.4 Lagrangian formulation of the semi-symmetric space sine-Gordon models. 

Now that we have identified the dynamical fields, we want to introduce the action functional which have the fermionic 
Toda equations (I35|) as Euler-Lagrange equations of motion. Below, we shall see that this is the action functional 
behind the Pohlmeyer reduction process. 

Notation 1 The light-cone notation used for the flat Minkowski space S is = ^ ± x^^ , d± = do i: di, rj^ = 

77 |_ = 2,77^ = 77 ^ = i,e^ = — e |_ = 2,e ^ = — = ^ corresponding to the metric rj^^ = = — 1 

and antisymmetric symbol eio — — eoi = +1- A mass scale is introduced by setting A^'^"'^-' — > /^A^"'^^ and ip^^^^'^"' — >• 

^-l/2^(±l/2)^ 

Consider the action functional 



k 
'2^ 



SwzNw[B] = ^^(^ljB-'d+BB-^d-B)-^l^^(^{B-^dBy 
which is the action deduced in [5| to describe the supersymmetric sector of the extended super mKdV hierarchy. 



(49) 
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In the present situation, i.e in the extended homogeneous hierarchy, this action is invariant under the global gauge 
X Hj^ group transformations (j24l) . Moreover, it is also invariant under the Kac- Moody-type transformations 



B = Tl{x+)BTr{x-), 

as can be seen with the help of the Polyakov-Wiegmann identitj0. 

Taking Vi^{x'^) — expaj/^(x"'") and Tj^{x^) — expa;fl(a;+) we find the transformations 



(50) 



(-1/2) _ 



+ \ ,/,(-l/2) 



WL(a;+),V' 



5BB-^ = ujl{x+) + Blor{x-)B-\ 5^^^+^'^'^ = 
allowing to compute the variation of (|48l) . It is given by 

^SSrodaiB,^]^ I (c^L(x+)a- (d+BB-'+Qf^+ojR{x-)d+(^B'^d-B + Q 



un{x-),^<-+'/'^' 



(0) 



where we have used the jacobi identity, the ad-invariance of the inner product and 
existence of chiral currents 9_ J+(a:+) = d+J-{x~) = 0, where (cf. (pS])) 



0. This implies the 



J+(x+)-n. id+BB-' 



i(o) 



j_{x')=Vt,^ [B-^d-B + Q 



(0) 



The action is also invariant under fermionic shifts 

^^(±1/2) ^^(±l/2)(^T)^ 

where 0^^^/"^^ g A^^^^^^"* and 6BB^^ — leading to the following variation 



(51) 



Note the strong resemblance with the super Kac-Moody currents obtained from a supersymmetric WZNW model 
[11) . However, their origin are quite different as fermions in a supersymmetric WZNW model parametrize the same Lie 
algebra as the bosons while in the action they parametrize the odd subspace of a Lie superalgebra i.e bosons and 
fermions are in different subspaces. This difference is very important in our approach to supersymmetry flows and this 
will be discussed below when we study the supersymmetry properties of the Pohlmeyer reduction of superstring sigma 
models. Clearly, the invariance under ([50)1 . (|51l) and its current algebra deserves a deeper study. 

At this point we can identify the fermionic extension of the non-Abelian Toda models as the Hamiltonian reduction 
of the phase space of (|48|) defined by the vanishing of the Kac- Moody- type currents J±{x^) = 0, which are exactly 
the constraints given by ([35]). Then, to obtain a Lagrangian formulation for the equations (I37p we need to impose the 
constraints J±{x^) — off-shell and this can be done by considering a local gauge group Hl x Hr and introducing 
gauge fields. 



^"This is given by 

SwzNW [ABC] 



SwzNW [A] 4- SwzNW -I- SwZNW [C] — 
k 

^2' 



- J {{A-'^d^A) {d+BB^^) + {B-^d-B) (9+CC-i) + {A-^d^A) B {d+CC''^) B-^) . 
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The Lagrangian formulation of the system (1571) . ([55]) exists, as explained in [T^ (see also [13] for the original 
formulation), only when the gauge groups Hl, Hr are isomorphic to some Lie group H = exp () with Lie algebra () such 
that Hl = eL{H), Hn = eR{H), where e^, en : H ^ G are two group homomorphisms that descend to embeddings of 
the corresponding Lie algebras and that satisfy the anomaly free condition 

(eL(a)eL(6)) - (ej^(a)efl(6)) =0, V a, & € f). 

In this case the gauge group is reducect^ from Hl x Hj^ to a diagonal subgroup oi H C Hl x Hji and the Lagrangian 
is simply given by an appropriate covariantization of (|48p defining now the semi-symmetric space sine-Gordon model 
(SSSSG) action 

+ A / U^f^BK^l'^B-^ + i,'-+'"^Bi;'^l"^^B-^) , (52) 

where Z?*^^' = 9_ — [e^ {A-) , ], _D*^' = 9+ — [e/j (^+) , ] are the covariant derivatives for the action of the gauge group 
-ff , A± e f) is the gauge field and 



k f 

SgwzNw[B, A]g/h = Swznw[B]g l 



k [ I -eL{A-)d+BB-^ +en.{A+)B-^d-B- 
-(L (A_) BeR {A+) B-i + eL{A+)eL{A^) 



is the standard gauged WZNW action. The action ([5^ is invariant under the following gauge transformations 

B = eLiT)BeR{T-'), (53) 

V^^"'^'^ = 6^(r)v/-^/^).L(r-i), 
i'^'''^"^ = e^,(r)V^+^/^'.;.(r-^), 

where — el (L) and F/? = (r^^) ([501 are local elements and we have used ([Ml) in the last line. 
An arbitrary variation of (j52p is given by 

y5^5sssG[i?,V'] = Jj(5BB-'-B5^<^+'/'^B-'-Sij^-'/'^)F+^) + 

+ J (mL^) {-4^) + d+BB-' + BA^^^B-' + Qf]) + 

+1 (Mf {-AL^)-i3-ia_i3 + i3-ML^)i?-QL"'}), (54) 

where the curvature components f'^}_ and f']^^'^^ are given in ([35]) but now with A^'' — (^-) and A'^'^'' = eu^ {A+) ■ 
Then, the Lax pair associated to the action (|52l) is simply the reduction of ([5^ , i.e 

L+{A) = d+-d+BB-^ -BeR{A+)B-^ +^^+^''^^ (55) 
L^{A) = d--eL{A^)-BU^I^'^^ +K'^I^Ab-\ 



supplemented by the constraints given by the A± equations of motion. It is not difficult to see that the last two 
equations of motion in (|54p and the definitions of the missing components (|29p are the same in this case, and that the 
two equations ([55]) reduce to the flatness of the only gauge field involved A± 



^This reduction can also bo seen as a partially gauge fixing of the Hl x Hr gauge symmetry [l]. 
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which enables the on-shell gauge = = 0, as in the last line of p7l) . 

It is important to mention that the A± equations of motion can also be interpreted as a partial gauge fixing of the 
Hl X Hji gauge symmetry in the definitions (P^ . see [I] for the details. 

2.5 The Drinfeld-Sokolov procedure: the dim/C^^'^^^ 2D spin ±1/2 supercharges. 

In section 2.3 we have found some difficulties in finding the supersymmetry flow variations for the fields due to the local 
character of the gauge group Hl x Hj^. However, a consistent set of transformations were singled out and we shall 
return to them later in section 2.7. Here we focus on the construction of the fermionic conserved charges associated to 
the symmetry flows t±i/2 in the general situation when the gauge group Hl x Hr is local. 

One of the advantages of the dressing approach adopted above, is that we can apply the Drinfeld-Sokolov (DS) 
procedure and viceversa. It provides a systematic method for constructing the local and non-local conserved charges 
associated to the symmetry flows ([T6 | . (IT7)) . Inspired by a similar computation done in |8], here we will extract the 
vector, spinor and tensor conserved currents associated to the sub-sector (io: i±i/2i ^±i) ■ 

From (HH), (ini) but now in the presence of gauge fields, we have the following dressing relations 

L+{A) = e(a+ + AV+'^)e-\ = e(a_)e^\ (56) 

L'+{A) = n'{d+)ii'-\ L'_{A) = n'id- - a'^s^^)ii'-\ 

associated to the Lax operators (|32|) . (|33)) . 

The dressing matrix 9 factorizes as 9 = U^S^, where € expu_, u_ — ©r<-i/2 ^1 CI M is a local functional of 
the fields and S'„ € exps_, s_ — ®r<-i/2 C /C is a non-local functional of the fields, splitting the dressing of the 
vacuum Lax operators, i.e L± = 9X^9^^, as a two step process |14| . An U- and an S- rotation given respectively by 

UI^L+{A)U- = d+ + A^+^'^ + k['\ UI^L^{A)U- = d- + k'l'\ (57) 
d+ + A^+'^ + K^-^ = S- (a+ + aV+'') Sz\ d- + i^i"^ = 5_ (9_) Sz\ (58) 

where k'^^^ = Y.r<oK^± \ K^± ^ G /C are the conserved current components we want to find. 

Similarly, for the second line in we have H' = U+S+, where U+ € exp-u+, u+ = ®r>+i/2 fr C is local and 
S+ G exps+, s+ — ®r>+i/2 C /C is non-local in the fields. Then, we have 

U+^L'+iA)U+ = U+^L'_{A)U+ = d--A^S^^ +K^+\ (59) 

d+ + k':^^ = S+ {d+) S+\ d- - PSl^^ + k[^^ = 5_ (d- - aL"^^) SZ^, (60) 

where =Sr>oiv:£'\ ivT^'^ G /C. 

The conservation laws are extracted by projecting the zero curvature conditions of (|57p and (1591) along the kernel 
subspace /C grade by grade. This is roughly speaking, the Drinfeld-Sokolov procedure. Of course, it provides local 
conservation laws for all the isospectral flows t±n- 

It is important to mention that ([57)) and ([5^ are in canonical form, in the sense that 9 = and H' = 

are splitted as local and non-local pieces allowing to obtain ifj. \k^^^ as functionals of the components of U± only. 
However, these relations are subject to an ambiguity induced by the gauge transformations U± — > U±S± with S± 
parametrized in the same way as S±. This action does not change the LHS of (157]) and (|59p but changes the RHS side. 



16 



For example, for (I57|) we have 

UZ^L+{A)U- = S- (d^ 



(61) 



and a sirailar expression for (j59p leading to a non-local gauge transformation between the current components. This 
observation will be useful below because allow for an explanation of an apparent discrepancy between the non-local 
supersymmctry flow variations as presented above in (j45|). (j46| in the gauge A^-^/^^ = and the local supersymmetry 
flow variations induced by the canonical form of the supercharges extracted from ((571) . (pj) in the gauge ^(-^Z^) = 0. 
See ([69]) and proposition 4 below. 



The components of grades 0, —1/2 and —1 of the first equation of ((57|) along the kernel AC, are given by 






iff = 


1/2 


^(_-l/2) 


-1 





(-1/2) m) 



where we have taken u^^^/^^ = -0*' m^^^-' = V-'''^^'' a-nd used the definitions (|29p and ([25]). In the last relation 

we projected along Af in order to simplify expressions. The components of grades 0,-1/2 and —1 of the second 
equation of (|57p along the kernel /C, are given by 





-1/2 
-1 



K 



(0) 



-A 



K 



(-1/2) 



AV+''i?A(r'^i?-i + \^^+"^^Biy"^^B-^\ , 



(-1/2) 



where in the last relation we have used the equations of motion for ip 

In a complete analogous way, we have for the first equation of (f59| along the kernel subspaces of grades 0, 4-1/2 and 
-|-1, the following components 





-1/2 
+ 1 



iff' = -Af' , 

^( + 1/2) ^ (s-l^(+l/2)5)±^ 



A(+i)^(-i) 



where 1**^+^/^-' — — i/)^^^/^-* and u^^^^ = The second equation of ([59| provides 





^^(0)^_^(i^) 



-Kl/2 
+1 



K 



(-t-l/2) 



■^,(+i/2)^;i(«) 



A(_-i)^^(+i) 



- A 



(0) 



= 0, 
= 0. 



(62) 



The zero curvatures of the LHS of ((57)) and ((5^ implj|^ 

9+ifi"^ - 9_iff ^ 
9+ifi+' - 9_iff ^ 

i^The advantage of the DS expressions I I62I1 is tliat the process of getting conserved charges can be continued infinitely without invoking 
an action functional and without reducing the gauge symmetry to a diagonal subgroup of Hj^ X Hn as required by a Lagrangian formulation. 



iff\ifi-) 



17 



Decomposing the first equation of (p^ in terms of 0,-1/2 and —1 grades we get 






d+ 


1/2 




-1 





0, 



(63) 



(L) ,^(-1/2) _ ^(L)^(-l/2) ^ g 



Similarly, the second equation of (15^ in terms of 0, +1/2 and +1 grades gives 







(R) 



0, 



(64) 



-1/2 : Df'K 



+ 



= 0, 



+1 : a_((AL-^\<+^) 

The first two equations of and are gauge covariant and the last ones are local and gauge invariant, as expected. 
Let us study first the third equations. Defining the stress-tensor components of T^^ as 



A(-1)^^( + 1) 



The last equations of (|63p . ((64|) become 9_r++ + 9+r |- = + 9+T__ = the conservation laws for the 

components 



T+ 











- 4( 













(0) 



Q 



(0) 



The conserves charge4_l for these grade ±1 equations are 



^( + 1/2) (-1/2)^_1 



1 /•+oa 1 p+oo 

{H + P) = - dx'{T+++T^+), {H-P) = - dx'iP 

^J — oo J —oo 



-T, 



(65) 



(66) 



Now, we analyze the fermionic equations which are the ones we are mainly interested. They are covariant but not 
gauge invariant and at first sight provide no conservations laws. However, the connections A^^^''^^ are flat and can be 
written in the pure gauge form 

a'-I^ = d±gLgZ\ A^±^ ^ d±gRg-^\ 
The gauge transformations p4p becomes now 

9l = ^l9l^^I, 9r = ^r^9r^cR, 
where VcL/r are constant elements of the global part of the gauge group Hl x Hr. 
The flatness of the gauge fields allow to write 

n(i)7^(-l/2) n / -lj^(-l/2) \ -1 j^( + l/2) ( -lj^(+l/2) \ -1 

D± 'K'^ = gLd± ( 5^ 'gL ) gL , ^± = 9Rd± [gn K'^ 'gR] gR ■ 



^^We have used the change of basis 

4Too = T++ + T__ + 2T+_, 4Toi = T++ - T__, Tm = Tqi, Tn = T++ + T__ - 2r+ 
and set Too = H and Tqi = P. 
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Then, we can transform the ±1/2 grade equations into the following non-local fermionic conservation laws 
because of the presence of the Wilson lines 



9l/r{p) = P exp 1 1 dx'^ j , (67) 



where p = (i, a;) e E is an arbitrary point and po G S is a fixed reference poini[ 

These equations are gauge invariant under the local part of the gauge group because under we have 

^£-1/2) ^ j^^^i^-im^-i^ ^(+1/2) ^ r^i^(+V2)p^ 

but transforms under the global part of it by conjugations with T^/^j. However, as we discussed before (section 2.3) the 
global part of the gauge group preserve the fermionic kernel and it is in this sense that we have well defined conserved 
charges. They are given by the following dim/C^^^^^ non-local conserved supercharges Q{S±i/2) associated to the (5±i/2 
symmetry fiows 

'^"^ -n+p(-i/2) 



/-l-oo 
dx'G{S+,/2)=QtF} 
-oo 

G(<5+V2) = 9I'{[^^'-'^'\Ai'']+By^i-'/'^B-^y9,, 

/ + 00 
-OO 

where i = 1, ...,dim/C^^^^-'. The action of F^i/ij on the charges is given by 

Q{5+i/2) = T-lQ{5+y2)TcL e lC^p''^\ Q{5-i/2) - T,RQ{5_y2)T:l G 4^'/'^ 

and, as mentioned above, we expect to obtain an extended global symmetry superalgebra K, (1 ^ ^ 5^ . 

From the analysis around (PT|) we can compute the 2D spin for all the conserved charges extracted from ([5^ . In 
particular, from (|63l) . we confirm that G{S ^1/2) are indeed 2D spinorial currents because the power of the spectral 
parameter is half-integer, i.e z^^/^. 

The most interesting situation to be considered and which is related to the Pohlmeyer reductions of superstring 
sigma models, is when the gauge group Hi x Hfj is reduced to H and the only gauge field A± involved obey the 
equations of motion provided by (|54p . In this case the gauge field is also fiat but their components are functions of the 
dynamical fields ■i/;^^^^^-' turning the conjugations in Q{S±i/2) with the Wilson lines ([57]) non-trivial. This situation 
will be addressed elsewhere because we have found some difficulties in trying to obtain the field variations from these 
non-local charges. Fortunately, in the on-shell gauge a[^^'^'^ — 0, the symmetries induced by (|68| are symmetries of 
the field configurations that solve the equations of motion. Below in the examples, we will ignore the Wilson lines and 
explore a little bit the relation between Qf and some well-known results obtained from superspace in order to motivate 
further the study of these new 2D supersymmetries. 



*Under gauge transformations we have T^i^/ji = r^/^(po). 



19 



Now, in the following we restrict ourselves to the on-shell gauge A[^^^'^ = in which sharper statements can be 
made. In this gauge we have 

/ + CXD , , ^ 

dxU^^-^'^\d+BB-^ +B^^-^'^^B-^) , (69) 
-oo ^ '- 



Below, in section 2.7, we shall show by using Poisson brackets, that these supercharges generate the supersymmetry 
transformations (j45|) . (j46|) with A^^^^'^ — 0, showing that they are fcrmionic Hamiltonian flows on the phase space of 
the system. 

When there arc no gauge symmetries at all, i.e /C^-* = 0, we recover the supercharges of [B] for the extended super 
mKdV hierarchy. The supersymmetry transformations induced by (|69p in this case, are exactly of the same form (j45p , 
with ^^/^^ = ^/(ii/^) — and are symmetries of the action functional (|48p. The associated Noether conserved 
charges are exactly ([M)) and the same occurs here when /C^' ^ 0, with a global gauge group, see (^5)) below. Thus, 
we conclude that the supercharges extracted from the Drinfeld-Sokolov and Noether procedures coincide. 



+00 



f^,/« = Pexp(±/ dxUA^i'"^-A^^'^^ 



Finally, we consider the grade zero equations of (|63p and ((64)) . They provide the following non-local conserved 
charges 

and in the case when the gauge algebras \)lir ^re Abehan, they reduce to 

QL/H-\rdx\Ai''^^-A^'''\ (70) 

Below, in the examples, we will see that these conserved charges encode some symmetry data of the target space of the 
SSSSG model action 



We will end this section by comparing the supersymmetry involved in the supersymmetrization of a WZNW model 
based on an ordinary Lie algebra with the supersymmetry flows (SF) involved in the formulation of the SSSSG models 
([52|l . (|55|) . In the superspace WZNW based on a Lie algebra g, the bosonic fields are replaced by scalar superfields, as 
a consequence, bosons <f) and fermions tp are both parametrized by the same elements in g i.e = 4>^Ti, ip = ^^Ti, where 
Ti are the generators of q. In our case the situation is very different, the physical fields parametrize the image part Ai 
of a superalgebra in the decomposition ^ — K, -\- Ai, while the symmetries 5]c are generated by the kernel part /C of it. 
Due to the fact that [/C,A^] C A^, we have a map from physical fields to physical fields Sic '■ M. ^ M.- Decomposing 
M = A^sffiA^F in bosonic and fcrmionic parts and /C = ICb®JCf in a similar way, we see that a supersymmetry flow 
obeys 6sf ■ Aip ^ A4b and Ssf '■ M^b ^ A4p, mapping the odd part into the even one and viceversa. In a supermatrix 
representation, such a map is roughly of the form 



JSF 



}SF 




e Mf \ ,\eMi 




Of course we have to guarantee that the number of bosonic and fcrmionic generators in A4 match in the appropriate 
way for Sjc to be considered as a supersymmetry. Fortunately, this is guaranteed by the finer Z4 grading decomposition 
entering the Lie algebraic structure of the integrable hierarchy, which was defined if Recall also that the gauge 
group H have actions Sh which mixes with Ssf, i-e [Sh, Ssf] — S'sp- 
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2.6 Bi-Hamiltonian structure of the extended homogeneous hierarchy. 



In this section we introduce two Hamiltonian structures associated to the extended homogeneous hierarchy. They can 
be extracted directly from the Lax operators but to achieve this it is useful first to introduce the notion of differential 
of a functional on a co-adjoint orbit S. In this section and the next, we assume that the constraints ([551) are satisflec0. 

Start by introducing the integrated inner product 

r+oo 

/ dx'{X,Y), (71) 



with {X, F)| is defined as in (fT5|) . The strategy is to look for the two Hamiltonian structures for functionals defined on 
the co-adjoint orbits G f* and L'_ E f*. From these "light-cone" orbits we select the true phase space as the spatial 
component of the Lax operator, i.e — (i+ — L^). Note that the relativistic counterpart of is taken as L'_ and 
not L_, which is more natural as can be seen from the equations (|32|) . (p3)) . Now that L+,i'_ are considered as phase 
spaces, denoted generically by S, it is useful to recall the definition of a differential dsh of a functional on the orbit S, 
i.e of h (S) : S ^ (J^ is a field), which is a linear form in ( f* ) ^ f. Then, with S e f* and a function h, we find the 



differential ds/i of h through the tay lor- like relation 

h{E + SE)=h (S) + (dsh) o {6E) + O (JS^) , 
where (5S S f* is an arbitrary variation of S. 

Under the inner products (|7T|) or (fT5|) . f and its dual f* are identified and we can write {d-Eh) o (52) = {dEh,SE) . 
When the orbit S takes values on some subspace fs C f of the Lie algebra f , we write the variation in the form (5S = ers , 
where e << 1, G fs and this leads to the following definition of the differential of a functior0 h on S 

^/i(S + erH) |e=o = (dEKr^), (72) 

where we need to compute explicitly the LHS in order to isolate the differential d^h in the RHS. From this we 
immediately conclude that the differentia^ d^h g f~ belongs to the ortho-complement of fs in f because of the 
operator V±{*) = (r^, *) : fs — >■ is a projector along f^. 

Under an arbitrary conjugation S = SES~^, we get = SrsS~^ and from ([7^ we can see the effect of a conjugation 
on a differential, which is given by d~h = S (dsh) S~^. This relation has to be used in order to find the differentials on 
L'_^,L^ starting from those differentials computed on the orbits L+,L'_, recall that we have L'j_ = B^^L±B, c.f (|19l) . 
We denote the differentials of a functional h defined on and L'_ as d^h and d'_h respectively, and a similar notation 
for L'_^ and i_ after the i?-conjugation. 

Now, we proceed to compute the differentials of the functions we are most interested, namely the conserved charges 
found in section 2.5 by means of the Drinfeld-Sokolov procedure. 

Consider the stress-tensor components Tp,y extracted from the DS procedure as functionals on L±, L'^. They are 



where we have used ([57]) and ([55]) in the A = Q gauge. Taking into account the variationq^ = e?'>o, 5L'_ = £r<o, the 



fact that U±{e) depend on e through the fields, the ad-invariance of the inner product and the relation 



a(±1) tV 
A 1 , L. 



= 0, 



^^In particular, this happens for the soUton solutions constructed from the dressing method, e.g see [9]. 
^®This definition is equivalent to the usual notion of functional differentiation after taking the trace I15| . 

^'^The use of the symbol ± should not be confuse with the same symbol used before to denote projection along the kernel algebra K,. 
^®The r>o, r<o stands for arbitrary terms taking values on the domains of the Lax connections A^T^^', a[^,^'. 
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where are the vacuum Lax operators, we get from (I72p . the associated differentials 



<o 



>0 



>0 



where we have used the factorizations = U-S-, 11 = BU+S+, Q' = B ^0, 11' = U+S+ and the fact that the kernel 
components S± does not contribute. 

In a very similar way but this time using the fact that|-^ n|l = 0, we have for the fermionic functions 



^( + 1/2)^ ^(-1/2) 



£)( + l/2)^^(;-l/2) 

where L)(='=i/2) = eiF^^^^^\ i = 1, dim/C^^^^^^ the associated differentials 



(73) 



^(-1/2) ^^(+1/2) 



d+n+ = -B (u+D 



<o 

(-1/2) [^-1 



(74) 



= (u+D 



(-l/2)[/-l 



To identify the Poisson structures, we follow the approach adopted in to study the generalized Drinfeld-Sokolov 
hierarchies and apply those results to our extended homogeneous hierarchy. For ease of simplicity, we perform the 
calculation for a bosonic hierarchy with an integer homogeneous gradation and at the end we comment on the necessary 
changes required in the supersymmetric case. 

Consider i+ as the phase space and write the equations of motion i_] — with L_ — d- — ^IIAL ^''II^^ 
in the following two equivalent Lax forms 



<o 



5_L+ 



<o 



nA^T^^n-i 



(75) 



The first and second terms on the RHS of d75|) will lead, respectively, to the first and second Poisson structures defined 
on L+ as we now see. 

i(-i)tt-i' 



<0 



Considering the first form of and using -1 (nzAL"^^n 
neous grade +1, we find that 



(HAL ^'n ^ ) , because z have homoge- 
V / <o 



<o 



where d+T-^ (z) means that aL is replaced by zA[_ in the definition of d+T-^ Then, we have the differential 

representation of the first form 

[z-id+T+_(z),L+]>„, (76) 
where we have, for consistency, projected along the same grade space decomposition of the Lax connection in 

Now, for the second form of 9_L+ we use z (iIz~^a[_ = (iIA[_ ^^H^^] , because z~^ have homogeneous 

V />o V />o 

grade —1, giving 



[(d+T+_)„,L+]-z 



Uz-'Ai-'^U-' 



>o 



Noting that (92-i(_-)L+ = — 



, where dz-i(-)L-f- means that A[_ is replaced by z ^A)_ 



we use the first form representation (j76p to write ^z-l(^-•)L-^- = [z ^c?+r_| , L+] and obtain 

d.L+ = - [(d+r+_)o ,L+]+z [z-'d+T+^,L+] >^ . 
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Finally, using z \z ^(La^Ta^ , L+j = [rf+T^ , i+]>o ' obtain the differential representation of the second form 

= - , L+] + [d+T+_, L+]>o . (77) 

From these results we can write two equivalent forms for the 9_ evolution of a functional ip on i.e 

d-ifi ^ {d+ip,d-L+) = {d+ip,[z-'d+T+^{z),L+]), (78) 
d^if = (d+v3,9_L+) = [(d+T+_)o,L+] + [rf+T+_,L+]^o) , 

leading to the following two Kostant-Kirillov brackets on the orbit 

W,i^},{L+) = -{L+,z-'[d+^,d+ij]), (79) 
{(/j^la (-^+) = {L+,[{d+f)o,{d+^/j)o]- [{d+if)<„,{d+^/j)^a]) , 

where we have used the decomposition d+Z — {d^f)o + ((i+/)<o in order to simplify the second bracket. From ()79p we 
can write (|78p as a recursion relation 

d.^ = {r+_(z),^}, (L+) = {r+_,^}2 (L+). (80) 

In a complete analogous way, we consider L'_ as the phase space and write [L^, = in the two equivalent Lax 
forms. We get 

d+L'_ = [zd'_T^+iz-'),L'_]^^, (81) 
d+L'_ = -[{d'_T^^)^,L'_] + [d'_T^^,L'_]^^, 

leading to the following two Kostant-Kirillov brackets on the orbit L'_ 

W,^},{L'_) = {L'_,z[d'_^,d'_^P]), (82) 
{^, (i-) = - (i-, [(rf-^)o, (d'_^)o] - [(rf-¥')>o, (rf-^)>o]) , 

where we have, for convenience, multiplied by a global factor —1. The recursion relation becomes now 

= - {r_+(z-i),^}^ {L'_) = - {r_+,^}2 {L'_). (83) 

It is instructive to repeat the same analysis for the identities [L+,L+] — and [L'_,L'_'\ = 0. We find that d+L+ 
and d-L'_ can be written in two equivalent ways 

d+L+ = [z"id+T++(z),i+]^g = - [(d+r++)o + [d+r++,i+]^o , 
d-L'_ = [zd'_T__(z-i),L'_] = - [(d'„T__)„,L'_] + [d'_T__, , 

showing that the mixed components of the stress-tensor, i.e r±ip, are responsible for coupling the two sectors of the 
relativistic part of the extended integrable hierarchy as shown by (I75|) . ([77)1 . 



The brackets ((79|) . (|82p can be written in the following compact r-bracket forms 

W,^}^{L+) = J, (84) 
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where (/i, € C) 

7^<,p = (7^< - /i • z-i) , 7^< = ^(7'o-P<o), (85) 

7^>,. = -(7^>-^.•z), 7^> = ^(7'o-^>o), 

are the corresponding r-matrices entering the r-brackelF^ [X,Y]j^ = [TZ{X),Y] + [X,TZ{Y)] and Va,V<:a,Vya are the 
projectors along zero, negative and positive grades. 

The Jacobi identity and the compatibility of (|84l) are guaranteed because each r-matrix 7?.<.p, TZ^^u satisfy separately 
the classical modified Yang-Baxter equation 

[7^, {X) , 7^, {¥)] - n, {[n, (x) , y] + [x, n, (r)]) - a, [x, y], a, g c, i = i, 2 (86) 

with TZi = Tl<,^., TZ2 = TZy.i^ and 

Ai = - Q +(U- ^"^^ , A2 = -Q + i/-2: 

In what follows we will choose the second symplectic structure because, for the homogeneous hierarchies, it is 
nothing but the canonical symplectic structure associated to the Lagrangian pS]) . see (|10ip below. In the superalgebra 
case, we only have to replace trace by supertrace and the integer gradation by half-integer one. For the moment, it is 
of great importance to mention that the form of the first Hamiltonian structure above is a consequence of the special 
properties of the only gradation (naively) used, i.e, the integer homogenous gradation. Note that we are not taking 
into account any other gradations. This does not necessarily mean that the integrable system described by the action 
(|48p admits such an structure in the form presented above, i.e, that the supersymmetrization of the first structure takes 
the same form as in ([79)). (|82|) . because the existence of the finer Z4 decomposition entering in (|3]) could preclude it. 
In that case, the recursion relations (|80|) . ([83]) have to be modified in an appropriate way and this changes the explicit 
form of the first Poisson structure, in fact it becomes non-local lOJ. However, the second structure is enough for our 
present purpose^. 



The r-matrices ((85t satisfy (|86l) separately and based on this fact we now propose a bracket on through the 
following definition. 



Definition 2 The bracket on the spatial orbit L = is given b rH 

where we find {ip,tp}2 {L-) and the differentials d-ip^d-ip by using the map L'_ = B^^L-B. The differentials dip,d'ip 
on L are constructed by restricting the functionals ip^ijj on the respective domains of definitions of and L'_. The 
bracket for the B -equivalent representation L' is defined accordingly. 

For computational purposes, we use L+ = 9+ + A^^'' and L'_ = 9_ — aIj/-* in order to rewrite the brackets 
expressions. WegelEI 

{(^, V}2 (i+) = {A^e'\ [d+v,d+iATz^) + {d+ {d+^) ,n<{d+tl;)) - (7^< {d+^) ,d+{d+tp)) , 

W,^|J}2 (L'_) = (a[j;'\ [rf'_^,d'_7^]^J - (a_ ,7^>(d'_^)) + (7^> ,a_(d'_v^)) , 



iSExplicitly: [X,Y]^^ = ± {[Xo,Yo] - [x^o,Y^o] 

^"The first bracket is requiered only when we want to link the sigma/SSSSG model symplectic structures. 
21 We have absorbed the 1/2 in L = | (L+ - L_) . 

^^Conccrning the first expression right below, a similar bracket was introduce in 16 by using a superspace approach to the Drinfeld-Sokolov 
reduction. 
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where we have used the ad-invariance of the inner product to write 

(d, [x,Y]^) - {dx,n{Y)) - {n{x),dY). 

Note that these derivative terms only receive contributions from the zero grade parts of the algebra. 



(89) 



2.7 The second Hamiltonian structure: the supercharges algebra and the field varia- 
tions. 



The purpose of this section is threefold. We will find part of the algebra obeyed by the supercharges (|69l) and comment 
later on some issues related to the role of gauge group. We shall obtain, by using the second Poisson bracket (|87l) . the 
supersymmetric field variations induced by the supercharges and also show that the second symplectic structure found 
above coincides with the symplectic structure of the WZNW model (|48l) . 

Let us start with the following proposition. 
Proposition 3 Under the second Poisson structure, the Junctionals |75| ) satisfy the relations 

/+00 p + ca 

dx^T^^, {m_,m_}2(L-) = — 2e-? / dx^T |_ 

-oo J —oo 

/+00 ^ r + co 

dx^T+_, {n_,n_}^{L'_) = -2ee dx^T__. 

-OO J —OO 

Moreover, under 1^8 7\ l the supercharges 1169]) written as Q"*" m_|_ + m_, Q~ = n+ + n_ satisfy 

{Q+,Q+}jL) = 2e-^ (H + P), [Q-,Q-}^iL')=2e-l{H~P). (90) 

Proof. We will compute one of the brackets only, as the others computations are quite similar. Starting with, cf. 

{m+,TO+}2 (i+) = [d+77i+,d+m+]^^'j + {d+ {d+m+) ,n^{d+m+)) - (7^< {d+m+) ,d+{d+m+)) , 

using the explicit form of the Lax connection 

the involved r-matrix 72.< = ^ {Vq — 7'<o) and the projected components of the differentials 



(-1/2) 



■^(-1/2)^ ^( + 1/2) 



we identify the relevant contributions we need to compute: 
A = (A^+^\[(d+m+)o,(d+™+)o]) - (gf , 



^(-1/2)^ ^(+1/2) 



B 
C 



(A[,+^\[(d+m+)_i/2,(d4 



-l/2j 



^(-l/2)^5(+l/2) 
^(-l)^^(+l/2)] ^ J^(-l)^5(+l/2)]]^^ 



derivative term 



1 



/2) 



^( + 1/2) 



■^(-l/2)^5( + l/2) 



^( + 1/2) 



^(-l/2)^^( + l/2)jj^ 



Considering A, we anti-symmetrize and use the ad-invariance of the inner product to get 

^=1 ([gW^ [^(-1/2) ^^( + 1/2)]] ^ [^(-l/2)^5(+l/2)]) _ 1 ^\Qf^ [v/-l/2),5( + l/2)]] , [^(-1/2) ^^(+1/2)]^ 
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Now, use the Jacobi identity to write 



X, 



,(0)^^(^1/2) 



(-1/2) 



where X = i:)(+i/2) and D^+i/^). Using the ad -invariance of the inner product again we obtain 



A 



( 



£)( + l/2)^ 



^(-1/2) ^^(+1/2) 



^( + 1/2)^ 
1 



■^(-l/2)^^( + l/2)jj^ 



(-1/2) 



■^(-l/2)^^(+l/2)jj^ 



The second hue right above vanishes because of the anti-commutativity of the constant Grassmannian parameters e, e 
and the supersymmetry of the trace and we get 



A = 



Using once again the Jacobi identity we obtain 



^( + 1/2)^ 



^(-1/2) ^^(+1/2) 



5(+l/2)^ 



^(-1/2)^ ^( + 1/2) 



(-1/2) 



£)(+l/2) j3(+l/2) 



2 



where e • e = e^ei, i = 1, dim/cl^^^^'' and where we have assumed tha^^'^' 



(91) 



i ~ I, dim/C^"'^^^''. 



|^( + l/2) _p( + l/2)| 

Now, we use the ad-invariance of the inner product and the relations (|26p to obtain 



A = 2 e-' 



Q 



(0) 



( + l/2)a_^^(-l/2) 



where we have used (|9ip to find C. 

It remains to compute B. Anti-symmetrizing and using ad-invariance of the trace we get 



2 



A 



(+1) 



^(-l)^^( + l/2)]] ^ [^(-l)^5( + l/2)]) _ ^ (^[a^+D^ [^(-1),5(+1/2) 



(-1) £)(+l/2) 



Using the Jacobi identity, the fact that 



A^_^'\X 



0, with X as above and the relations (1^51) we write 



A 



(+1) 



This last result, the equation ((9T|) with -0 



',(-1/2) 



t/i^ and once again (l26t gives 



X,A'^ 



(0) 



i? = -2e.e - ( 



Finally, putting all together, i.e A — B -\- C we arrive to the final expression 



{m+,m+}2 = 2 e • e 



where we have used ([31]) in the gauge A = 0. A similar computation follows for the other brackets, the only difference 
is that for the brackets involving the mixed components T y , we have to use the fermion equations of motion in 



37l and also the relat: 



( jj,{~l/2) j^(-l/2)\ 

ion f 



= -2SijX 



(-1) 



The supercharge algebra follows directly after noting that 



■^^In particular, this is satisfied by the superalgebras entering the Pohlmeyer reduction of AdSn x 5", n = 2,3,5 and AdS4 X CP^ 
superstring sigma models. For explicit examples, see below I I147I I and JTSSj. 
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the differentials defined on and L'_ vanishes when restricted to L'_ and respectively, getting |(5^,Q^| {L) = 

{m+,?7i_|_}2 (-^+) — {rri-, TO-12 (L-) and a similar relation for |(5 ,(9 | {L')- Taking into account (j66p . the result 
follows. ■ 

Now, in order to find the supersymmetry field variations we need to find the differentials associated to the physical 
fields, which are the simplest to find. Let us first introduce the following quantities 



(^(-1/2) q{ + 1/2)\ _ _iQy-iiz) Q 



(-1/2) ^( + l/2)\ _ 



where c'f^''^^ £ 7W^~^/^\ g|+^/^' G M'-p^^^\ M^a^ e span the image part M of the algebra f and x and /i, i/ are 

even/odd constant parameters, respectively. Setting 

and using , in their original forms 

L+=d+ 

we easily find the differentials associated to the dynamical fields 



A 



(-1) 



(92) 



X ■ A 



(0) 



The Poisson form of the supersymmetry flow transformations S±i/2 of the field components is encoded in the 
following proposition. 

Proposition 4 The supersymmetry transformations of the fields ^{x) are Hamiltonian flows on the reduced phase 
space and are induced by the supercharges in terms of the second Hamiltonian structure 

p-5+i/2$(a;) = -{Q+,<f>(x)}2(i), A-5_i/2<f>(x) - + {Q-,$(a;)}2(L'), (93) 

where p,X are constant even/odd parameters depending respectively, if the field $ is even/odd. This definition is 
equivalent to the following matrix supersymmetry transformations 

{5+,^2BB-'Y = U(-i/2),i?(+i/2)" ^ 

- 'a'^-'\b-'d(+'^^^b 



(94) 



,,( + 1/2) 



" + 1/2^- 



and 



{B-H_,„By 



^^(+1/2)^ ^(-1/2) 

k^+^\BD^-^'^'^B-^ 
B-^d-B)\D^-^'^^ 



(95) 



which should be compared with {^5^ , ( [46| ) in the A = 9 ~ Q gauge. 
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Proof. We will prove for the (S-(-i/2 supersymmetry flow variations as for the (5_i/2 the proof follows exactly the same 
lines. For the components ijj in -i/;^"'^^^-' = ^j^g\^^^'^\ we have (with /i fermionic) that 

M ■ '5+1/2^ = - {m+,fi ■ -0}2 
because ■0 and its differential vanishes when restricted to L'_ . Using the explicit form of the Lax connection 



A 



(+1) 



(0) ^n(o) ^,/,(+i/2) ^^(+1) 



+ ' 



the r-matrix 7?.< = \ {Vq — 7^<o) and the first equation in (|88p . we conclude that there is not contribution from the 
derivative terms because c?+ (/i • tJj) has Q grade —1/2. Then, the non-zero contribution to the bracket i j^ 



The only contribution from the differential {d^m^)_^^2 is the one along the image, which is given by (d+TO+)_j^ 

V-l),i^( + l/2) 



Now, using the ad-invariance of the inner product, the Jacobi identity, the definition A*^' = ip^ ^',A 



/2 



',(-1) a(+1) 



and (ISOj) in the gauge A = 0, we find that 



( + 1/2) 



where we have used ^ • (5+i/2^ = (^S+i/2''l'+^^^^\ ""^^^'^ in order to isolate the supermatrix variation <^+i/2''/'+^^^^'' • 

Similarly, for the components ^p in ■0^"^^^'' = ''PiGi~'^^^\ we get by the same restriction argument applied this time 
to tp on L_ , that 

Using the explicit form of the Lax connection 

A^^'^=B{il-'/'^+Ai-'^)B-\ 
the projected components of the differential 

the second line of (|88p and noting that the derivative terms does not contribute, we obtain 



From this, we easily obtain the variation 



BA^S'^B-\ 



(d_m_)+i,2,BG(+i/2)B-i' 



a^s'Kb-'d<^+'/^^ 



B 



B 



where we have used the ad-invariance of the inner product and v ■ S^i/2'4' — (^<^+i/2V'- G|>^^^^''^ to isolate 

The transformation for B is going to be found in an indirect way through the transformation of the quantity ^4^'' , 
which is more natural. From the restriction of A^^"^ to we find (with x bosonic) that 

x-5+,/2Af = -[m+,x-Af]^{L+). 

^*We have drop the integration of ■ il>(x) inside the bracket but it have to be taken into account always when considering quantities in 
which the derivative terms contribute. 
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The differentials entering the bracket are 

and by using (|88p once more we obtain the non-zero contributions to it 

[m+,x ■ A^}^ iL+) = (^a'^+'K [(d+m+)o , d+ (.r • A^)]) + (9+ {d+m+), , d+ (, 



x-A 



(0) 



implying that 



X-5+l/2Af ^-{[qf, [^(-l/2)^^( + l/2)jj J^(-l/2)^^(+l/2)j ^^(0)^_ 



(96) 



Now, in order to get the variation of the Toda field B, we perform a 8+1/2 variation on the definition of A^^\ i.e 
30)) in the ^ = gauge. This gives 



5+i/2Af = -d+ {S+^/2BB-'Y - [{5+,/2BB-'Y , [d+BB-^] - [(<5+i/2i3B-i)^ , {d+BB-') 
Using (|30p. the last line of p7p and projecting the resulting expression with Mx'^^ we obtain 



X ■ <5+i/2Af = - 



(97) 



, {S+i/2BB-'Y] +d+ (<5+i/2Si?-^)" ,^4°) 
Finally, by comparing ([M]) and ([W]) we conclude that 



Following exactly the same steps for the (5_i/2 variation we arrive to the final result. ■ 

At this point we have an aparent discrepancy between the transformations (|94|) . (1951) and (|45|) . (|46)) . One set is local 
while the other is not because of the presence of the 6''-*^^^'' terms (|47| . The first set do not preserve the constraints ([38 1 
while the second set do. The easiest way to explain this difference is to work out the Noether procedure on reversed . 
We will do it only for the S+1/2 variations, for the obvious reason. 

Consider the arbitrary variation (|54)) with S = (^+1/2 and without gauge fields, i.e the action functional p8)) . Taking 
into account ([57]) and (|6T1) we get 



'(-^/^)_d-Ki-'/'^)^{Ul'S+,/2'^U- 



Y^+l/2SToda[B,i^] = 

where b+\i2'^ = S+i/2BB~^ — B5+i/2'ip'"^^^^'' B^^ — (5+i/2'0^~^^^'' and where we have to solve the relations 



(98) 



£)(+l/2)^ 



-1/2 



Taking respectively, the following solutions 

S+u2<f=(u^D(+'/^'>UZ') = (U^S^D^+'^^^SZ'UZ') 

' \ />-l/2 V />-l/2 

with S- = exp + e'-'^^ + ...^ , 9^''^ £ IC and using (l26|), we get the local form ([M]), ([95l) corresponding to the 

local canonical DS supercharges (|69p and the non-local form (|45|) . (j46|) corresponding to the gauge transformation 



^^1 want to thank Tim HoUowood for discussions on this point. 
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of the supercharges (j69l) . respectively. This shows that we can always perform a compensating gauge transformation 
U± U±S± in order to preserve the constraints (155]) and this selects the special value of ^^^^/^^ to be (|47p. This 



means that the flows S±i^2 ^-re symmetry flows on the coadjoint orbits L^,L'_ 



Let us compute the algebra of the supersymmetry flows (l94l) . (|95|) in the perturbative limit B = 1 + b. Using the 
fermionic equations of motion given by p7|) . we find, as expected from (|90|1 that 



-1/2 



/2 



(5-1/2, (^Li 



/2 



2 e-e' 



(99) 



-2 e • e'aL ^\ the jacobi identity and the 



where we have used [d(+^/^) , D'<-+^/^^ = 2 e • e'A^+'', [d(-^/^\ D'<^~^/''^ 
relations (|26p . However, for the mixed terms we obtain 

[5+1/2,-5-1/2] =(5h, (100) 

where 5h ~ [(^,] is a gauge transformation with parameter lu — [_D(+^/^\ D^"^/^)] G /C^^- In principle, for the mixed 
bracket we should obtain {Q'^,Q~}2 ^ Qh, where Qh is the Noether charge corresponding to the gauge group H, 
but the corresponding Noether current components are precisely the constraints (I38p which vanishes identically. 
Then, the non-zero contribution to the conserved charge must come from the ambiguous term in the definition of a 
conserved current J^^=J^^ + e^'^duF, with F and arbitrary function. For this reason we have not writen the mixed 
bracket {Q^ ,Q^}2 above. A more refined study of the supercharge algebra in terms of the subtracted nionodromj0 
matrix will be done elsewhere [101. For the moment, we content ourselves with the result (l90l). but let us note that the 



perturbative excitations fo" , do transform under the kernel algebra /C = f"*" through the variations 5^.- 

Let us end this section by writing the brackets for the fundamental fields B and V'*'^^^^'- To do this, it is more 
convenient to use ([5^ and ([55]) in the gauge A = 0. Defining the currents J+ = —d+BB~^, J_ = B~^d-B, which have 
to be considered as functionals on and i'_ respectively, and introducing a normalized basis for fo — span{T^^) with 
7a°\7i° / = Sab, we find the current differentials 



d{\ ■ J+) = T, 



(0) 



d'_(A- J_) ^T, 



(0) 



where A • J± = \aJ±, — XaTa'\ a — 1, dimf^^^ with A bosonic constants. Adding the fermionic field differentials 



.(0) 



and using (I57)) . we find the brackets 

{X-J+{x),p-J+{y)}2{L) = S{x-y){j+{x), 



'rp(O) rp{a) 



(101) 



{fi-i(;{x),i^ ■i(;{y)}^{L) = -^i ■ a+ ■ v5 {x - y) . 



where we have assumed that 

at.i — > —a. 



= a^-G^^^^^''. For J_ and t/i, the brackets in L' are quite similar but with 



, . Then, the second Hamiltonian structure is of Kac- Moody tvpJ^. 

Finally, if we compute the canonical brackets for the action functional (|48)) we arrive to the conclusion that {X, Y}^ ~ 
{X, i^liyzjvw • would be interesting to investigate more deeply the relation between the brackets {X, ^ and the 
brackets {AT, y}^^^'''°' introduced in [T5], which studies the connection between the Hamiltonian structures of the 
Green-Schwarz action and the generalized sine-Gordon models involved in the reduction of the AdSc, x superstring 
sigma model. This will be done elsewhere [lOj . 



^^In ^17' it was shown, by using monodromy matrix arguments, that T is unambiguously fixed and that the conserved charge Qu is of a 
kink type given by _B{-|-oo)_B{— oo)~^ = expQ^f. 

^''This was already noticed in I15| in the purely bosonic case. See the last example worked out in that reference. 
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3 Pohlmeyer reduction of GS superstring sigma models. 



In this chapter we briefly review the steps involved in the reduction of Green-Schwarz (GS) superstring sigma models on 
semi-symmetric superspaces. The aim is to show how emerges the extended homogeneous hierarchy integrable structure 
defined above and also to show the connection between the number of fermionic symmetry flows with the elements in 
the rank of the kappa symmetry. 

A coset F /G of a supergroup -F is a semi-symmetric superspace if it is invariant under a Z4 symmetry and the 
superalgebra admits the decomposition (HI, f = fo®fi®f2®f3: which is consistent with the relations [fi, fj] C f(i+j) mod4j 
the subspace fj is defined by il(fj) = V fj and the denominator subalgebra is the invariant subspace fo- 

We assume that the following decomposition of the bosonic subalgebra — foffif2 ^-l^o holds 

fo = mo®f)o, h = 02 ©na, [03,02] = 0, [a2,f)o] = 0, [f)o,f)o] C f)o, (102) 
[mo, mo] C [)o, [f)o,mo] C mo, [mo,02] C n2, [02,112] C mo, 

where 02 is a maximal Abelian subalgebra and f)o its centralizer. The algebra t)o turns out to be related to the gauge 
flows Hl X Hfi introduced above. 

The action of the sigma model can be written in terms of the Z4 decomposition of the current 

Jt.^ r^d^,! = A^ + Ql^, + P^ + Q3^., (103) 

where € fo, Qi^i G fi, G f2, Qs^ G fs- The current J is invariant under global left F-gauge transformations 
f{x) — > f f{x) and under local right G-gauge transformations f{x) f{x)g{x), the component A transform as a gauge 
connection, while the others components transform covariantly (in the adjoint). 

The action of the non linear sigma model must be gauge invariant and Z4 symmetric and we are interested here in 
those models which are described by the following (Green-Schwarz) action 

Sgs^^J h^'^P^P. + t^^'Qi^Qzu) , (104) 

where 7'"^ = ^/—gg^'^, g^u is the two dimensional world-sheet metric, e^i^ the anti-symmetric symbol and k is the 
sigma model coupling. The action (jl04l) is invariant under 2D conformal transformations, G-gauge transformations 
and K-symmetry, which is a local fermionic gauge transformation and all this means that some of the bosonic and 
fermionic degrees of freedom in the lagrangian ()104p are un-physical. 

The Pohlmeyer reduction consist of a classical removal of all the un-physical degrees of freedom and such a reduction 
is performed by gauge fixing all the above mentioned symmetries. We now briefly show how this is achieved, for full 
details see the original paper [T] , see also [TO] . 

Start by writing (|104l) in the conformal gaugj^ 

Cgs = (P+P- + \ {Q1+Q3- - Qi-Q3+)j ■ (105) 
The classical field theory is describe by the equations of motion extracted from varying the action functional of (llOSp 

= d+P- + [A+.P-] + [Q3+,Q3-], (106) 
- a_P+ + [^_,P+] + [Qi_,Qi+], 
= [P+,Qi-] = [P-,Q3+] 



^We use here the light-cone convention 7+ =7 + = 1 and e+ = —e + = 1 of [l]. 
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and by the Maurer-Cartan identity for the flat current (If 03p 



d+J- - d-J+ + [J+, J_] = 0, 
both supplemented with the Virasoro constraints 

(P+,P+)=0, (P_,P_)=0. 



(107) 



(108) 



Now, by using the polar decomposition theorem and the G-gauge freedom on the coset we can go to the so-called 
reduction gauge in which the components of the current € f2 can be put in the following form 



P+ = Ai+(a;+)A+, P_ = fi_{x^)BA_B- 



(109) 



where A± G 02 are constant elements in f, /i_j_(x^) are functions of only and B £ G ^ expfo belongs to the sigma 
model gauge group, i.e the denominator group in the coset F/G. For the semi-symmetric-space cosets of interest, we 
have that dim 02 = 1 meaning that A+ = A_ = A is unique. We use this constant element A, which is also semisimple, 
to introduce the Z2 superalgebra decomposition ([2]) with f — ® f H . 

The K-symmetry can be partially fixed by the gauge condition Qi^ — and Q3+ = and this simplifies the 
equations (|106p . Replacing (|109p into (|106p . using (llOSp and the residual conformal transformations we can set the 
functions /i_(_(a;^) to constants . The remaining equations of motion in (jl06p are equations for the gauge field 
components A± only and allow the following solution 



A, 



-{d+BB-^ +BA^_^'^B-^), A^ 



-A 



(L) 



A'[ 



0, 



where A^^\A^_^'^ G fp = f)o belong now to a subalgebra of the former sigma model gauge algebra fo, see (|102p . All this 
exhaust the equations of motion in (|106l) . 

The solutions of the Virasoro constraints (|108p are no\\@ 

P+ = /i+A+, P_ = fi_BA^B-^ 



(110) 



and the gauge group that preserves these solutions and the Virasoro "surface" (|108p is precisely the Hl x Hr gauge 
symmetry introduced above, B = TlBTr. This explains the use of the notation L, R. 



In terms of the new bosonic field variables G ffj^, i? G G and in the gauge Qi- 

(remaining) Maurer-Cartan equations (jl07p can be put in the form 



= 0, Q3+ = 0, the 
(111) 



D 



d,BB-^ 



BAf^B-^) - = - [A+, PA+i?-i] - [Qi+, gg 



[A_,p-iQi+P] , 



where D 



(L) 



A 
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A 



+ ' 



are the covariant derivatives for the x Hji action of the gauge 



group and Qi+ = r^Qi+F^^, Qa- = F^Qg-F^^ are the gauge transformations for the remaining fermionic current 



components. At this point it is worth it to compare these equations with (jSSp . 

We now make the following change of field variables Qi+, Q3- — > 4*1, 4*3 defined by 



■^^Prom now we normalize /ij^ — f 1. 



32 



The K-symmetry is completely fixed by putting to zero all the components of ^'i, belonging to the fermionic part 
of kernel, i.e f]^,f3"- The remaining components in the fermionic part in the Image, i.e ff,f| are the truly fermionic 
physical degrees of freedom 

^-L^*!, ^/j^^-I. (112) 

In terms of the Pohlmeyer reduced model field content A^-*, A'^', B, and the Maurer-Cartan equations 
(jllip can be written, with the help of a spectral parameter z, as the compatibility condition of the following Lax pair 

L+iA) = d+-d+BB-^ - BA^^^B-^ + {z+^'Hl) + {zK+), (113) 
L_(yl) = a_ - aL^' -B [(z-i/2^fl,) + (-z-iA_)j S-i. 

Making the following identifications 

iz^'^^n) = (.A+) = Ai+^ 

and comparing with p2p we see that the Lax operators (|113p and (|55p describe the same integrable hierarchy (the 
extended homogeneous hierarchy). From ^ we see that the fermionic identifications are consistent 

because e ff, V^"^^^^ efi and e f|, e?J. Recah that ad{K) maps the subspaces fi^s — >■ fa^i each other. 

To obtain the equivalent formulation L'^{A) we use the B-conjugated solution of (|110p . 

These equations are invariant under the gauge group Hl x Hr and all the results found above also applies here. 
Note that ff}- = f)o C ker (ad(A)) generates gauge flows associated to grade zero elements after embedding f into the loop 
algebra f in the form The Pohlmeyer reduction in now clear. It states that (|104p and ([5^ describes the same classical 
field theor-vF"l. Note that the net effect of the reduction is to trade the Euler-Lagrange equations (|106l) of (|104p by the 
Maurer-Cartan identities (|107p with associated Lax Pair (|113p . which correspond now to the Euler-Lagrange equations 
of the SSSSG action ((5^ . The local gauge symmetry is reduced from the right G-gauge action on the coset F/G of the 
GS sigma model to the left-right 7J-gauge action on the coset G/H oi the gauged WZNW model coupled to fermions 
and the fields which include the un-physical degrees of freedom are reduced from Pp,(5ip,(53p 

which have physical degrees of freedom only. Concerning the local K-symmetry, it seems to be that its global remnant 
is related to the existence of 2D world-sheet extended supersymmetry in the reduced models. We do not have a formal 
proof of this statement but we will provide some evidence that this is the case because, as discussed above, the elements 
in the fermionic kernel /C^^^^'' generate dim/C^^^^' global symmetry flows with conserved supercharges Note 
that physical fields are parametrized in A4 while the symmetries are associated to the sub-superalgebra /C C f and we 
can see now the role of the dressing flow equations (|T6)) . (|17p : they generate global world-sheet symmetries 6ic in the 
reduced model from the loop algebra JC constructed out of the subalgebra f-'- C f of the global target space symmetry 
of the sigma model. 

We consider now the rank of the K-symmetry. Following |20| , it is defined to be the number of fermionic generators 
in fi and fa which are annihilated by the adjoint action of P± € f2 

= dim ker (ad(F_) | fs) , = dim ker (ad(P+) | fi) (114) 

with P± satisfying the Virasoro constraints (llOSp . We assume that we are in the situation of generic classical solutions 
which is when the number of zero modes TVk, -^k are field (i.e P±) independent and are determined entirely by the 



^"The action II52I I is slightly different than the one originally constructed in [l] in the particular case of the AdSs X supcrstring sigma 
model, the difference is in the potential term and it is not essential. 
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Lie superalgebra properties of the algebra f of interest. This means that we can use ad{A±) instead of ad{P±) to 
compute the dimensions (|114[) . In [50] the dimensions (jll4l) were calculated for several Lie superalgebras admitting the 
Z4 decomposition ([T} . Here we write some of those dimensions of our interest 



AdS2 X 52 ^ iV« = 2, 

AdSaxS'^ ^ iV, -A^K=4, 

AdSi X ^ TVk = A^k = 4, 

AdS5 xS^ ^ TVk = A^k = 8. 



(115) 



These are exactly the number of supersymmetry flows generated by the supercharges (|68p . In our notation and for the 
first two models in the list we have dimic'-p^^^^ = 2 and dim/C^"^^^^^ 4, respectively. See p^ . p^ . p^ and p3T|) 
for the explicit expressions of the generators in ICp- 

The ^4^55 X case is treated in detail in [9] , where it is shown that the symmetry algebra of the solitonic spectrum 
of the reduced model, in semi-classical quantization, is precisely the kernel algebra /C, which in this case turns out to be 
isomorphic to a centrally extended su{2 | 2)^^ superalgebra. This algebra has 8 + 8 fermionic elements in its odd part 
generating 16 supersymmetry flows and 12 bosonic elements in its even part generating the gauge algebra su{2)^'^. A 
similar set of conserved supercharges (|68p and supersymmetry transformations (1451) , p6)) in the on-shell A± = gauge 
are also constructed for this case. 

4 Examples: supercharges from superspace and from symmetry flows. 

Because of the supersymmetry we are dealing with is quite non-standard, it is important to study its relation with 
the usual supersymmetry obtained from superspace by working out some examples. Here we consider the Pohlmeyer 
reduction of the superstring on AdS2 x S'^ and AdS^ x which are already known. As we are mainly interested in 
understanding the role of the supercharges found above, we will try to be as close as possible to the superspace results. 
However, we have to mention that in the AdS^ x we will ignore the Wilson lines appearing in (|68|) and make the 
computations in some field limits. 

4.1 Supercharges of the Landau-Ginzburg models. 

Notation 5 In this section, the light-cone notation used is — i , d± — ^ (i9o i 77 _| — r; |_ — — ^, 77 ^ — 

rj ^ = —2, corresponding to the metric rj^^ = —l^rj-^^^ = +1. 

A Landau-Ginzburg model is defined by a Lagrangian density of the from (e.g see 1211) 



where $ = <i){y^) + 9°' ^{y^) + 9+ 9' F {y^) is a chiral superfield, y± = x^-i9^9'^, 9^ = (9^)* and (V'iV'2)* = i^l^i) 
stands for the complex conjugation convention acting on fermions. 

In components, the lagrangian density is 




(116) 



(117) 
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where 5- = d^djK{(t>\(j>'), K is the Kahler potential and 1?,,^^ = + df,(t)^T)^^p\ , D.djW = ^^^■jW - V^jdkW. 

The (2, 2) Noether supercharges associated to the model (jll7l) are given by 



/+00 ■ ^ 

-00 ^ 



4.1.1 The (2,2) sine-Gordon model. 

The first model of interest is when i = 1, K{^^, <1)^) = and W — > 2W in the Lagrangian ()117p . In this case we have 
£ = 2 + + 2f^_d+ip_ + 2i^+a_V+ - iW^'Ce)!^ - \w"{g)i;+^_ + , (118) 

where we have denoted by g the complex scalar field component of the superfield $. The densities are 

Gl = 25±eV± T i^^W'ig). (119) 

Taking now the following choice of field components 

g = (p + i(j), ij_—Xi+iX2, ^p^ — Xi+iX2, W{g) = 2 fj, cos g, 
we have from (IllSp . the N = (2, 2) supersymmetric extension of the sine-Gordon model [22] 

= a+(?ia_?i + a+(y3a_<y9+ ^ (Aic)_Ai + A29-A2 + Ai^+Ai + Aaa+Aa) - Y (cosh2^-cos2v5) + (120) 
{cos iy9 cosh (A1A2 + A2A1) — sin(^sinh(/) (AiAi — A2A2)} . 

The fermionic densities (|119p can be written as G^ = 2 (^qf + iq^) in terms of the following 2 + 2 real component Jf^ 

^^ql = Ai9_|-(^ + A29+0 + /i (Ai cosh (/) sin + A2 sinh0 cos (p) , (121) 

^^q2 = — Ai5+0 + A29+(p + ^ (—Ai sinhi/) cos + A2 cosh (/) sin </j) , 

^^qi = Ai9_(p + A29-0 — /i (Ai cosh^sin^? + A2 sinh0cos(p) , 

^^q2 — — Xid-cf) + X2d-ip + n {Xisinhcj} cos ip — X2 cosh (j) simp) . 

4.1.2 The (2,2) complex sine-Gordon and its hyperboUc counterpart. 

The second models of interest are when i = 1 in the "compact" and "non-compact" cases, which are possibly related to 
two different truncations of the Pohlmeyer reduced AdS^ x superstring. For the compact and non-compact models 
we choose, respectively, the following superfields components 

(j)^ — lncos<y9 -|- 10, (f>^ = Incoshcj) + ix, 

ip1 = tan(pe^*''x±j ^± = tanh^e^'^pj., 

whertH xl = (Ai + iAs), xl = (Xi + iAz), p\ = (A3 + ^4) and pi = (A3 + ^4). 



^'^SS means Super-Space. 

^^The bar over the real fermion components should not be confused with the complex conjugation which is denoted by the same symbol. 
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The kahler potentials are chosen such that 

1 2 1 1 2 . 

5iT = ] 7772 = cot g^j = ■ — —2 = coth 0, 

1 - je-"^ I 1 - |e-"* I 

which imply 

ri - ^ p _ cotV , _ 1 coth^(/. 

^ 11 — 1 ^1111 — ^"2 '^''^^ ^11— . , 2 , ' ^1111— . , 2 / ' 

sm sm (/3 smh smh 

respectively. 

In the real variables, the Lagrangian density (|117p is (see also [23] ) 

^ d+(pd-ip + cot^ipd+9d-e + ^{Xid-Xi + X2d-X2 + \id+Xi+X2d+X2) + 

+i cot^ (p \d-eX1X2 + 8+0X1X2] H ^AiA2AiA2 - 

sin ip 

—y? sin^ if + fii cos tp [cos 6'(AiA2 + A2A1) — sin 6'(AiAi — A2A2)] . (122) 

A similar lagrangian for /.i — was constructed in 24 by using a conventional (Kazama-Suzuki) gauged super WZNW 
model. 

The supercharge densities can be expressed as Gj_ ~ 2{q^ + iq^) in terms of the following 2 + 2 real components 

[Xid+Yi + X2d+Y2) - MA2I3, 

(-Ai9+y2 + A2a+yi)-MAir3, 
(Aia_yi + A2a_r2) + ^iX2Y3, 

{-Xid-Y2 + X2d^Yi) + ^AiFs, (123) 

where Yi = cos 9 cos (f, I2 = sin 6 cos (p and Y3 — sin ip. 

Similarly, for the non-compact model we have the Lagrangian density 

1 2 i _ _ _ _ 

-£ = 9+09-0 + coth 09+x9-x + 2(-^3^--^3 + A49-A4 + AaS+As + A49+A4) + 

2 , r„ . , „ . 1 





1 




% 




1 


''it 






1 




% 




1 


''12 





+icoth [d-xh>^i + 9+XA3A4J + 2 A3A4A3A4 - 

smh 

— /^^ sinh^ (j) — jii cosh [cos ^('^3^4 + A4 A3) — sin x(A3 A3 — A4 A4)] (124) 
and the supercharge densities Gj_ — 2{qf + iq^) written in terms of the following 2 + 2 real components 

= ^ (A3a+Xi + A49+X2) - MA4X3, 

= ^(-A3a+X2 + A4a+Xi) -/iA3X3, 
-^3 

= ^(A35-Xi+A4a-X2)+/iA4X3, 
-^3 

'^'^q2 = {-X3d-X2 + X4d-Xi) + ^iX^X3, (125) 

-^3 

where Xi — cos x cosh 0, X2 = sin x cosh and X^ = sinh0. 
Now, we proceed to use our formulation. 
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4.2 Supercharges of the Pohlmeyer reduced models. 



As mentioned above, the aim is to try to relate the superspace expressions (|12ip . (I123P and (I125P with the supersymmetry 
flow resuh §8^. 



4.2.1 Reduction of the AdS2 x S'^ superstring and (2,2) 2D SUSY. 

This is the only known case in which a reduced model posses 2D world-sheet supersymmetry [Tj. However, the 
supersymmetry of this AdS2 x reduced model was identified through its superspace description p20p . i.e the N — 2 
supersymmetric sine-Gordon model. Here we use our general flow approach to conflrm this fact from a different point 
of view. 

From the general discussion we identify ^ — "^'('^'^^^^(i) ^^'^ § ^ ^ because = 0, as can be seen from (|142l) . 
Then, this model has no gauge symmetries 1C^^^=(Z) and from (jl47p we expect to obtain a reduced model with an 
ordinary extended (2, 2) supersymmetry. Fortunately, in this case we do note have gauge fields and Wilson lines and 
this means that the variations 5 ±1/2 can be lifted easily to the Lagrangian level (|48p . Note also that we do not have to 
deal with the constraints (l38l). 



Using the basis (|146p . we parametrize the physical fields as 

where i = 1,2 and Ba, Bs are given b\l^ 

Ba = exp(0Aff)) = '^''tl ^ ^(D^ 

V / \ smh cp cosh cp I 



Bs = expU/f) . 

V / \ 7, sm 03 COS UD I 



I sm ip cos Lp 

With A defined in (|144p . we can compute all the terms entering the action (|48|) . They are 

(B-^d+BB-^d-B) = 2{d+(f)d-(l> + d+ipd-(p), 

2 

/^2^aV+^^SA^^^B-i^ = -^(cos2(^-cosh20), 
A* (^p'\^^^^^ Bip'C^^^^ B^^'^ ~ —2^ {cos((ccosh0 + "0202) + sin sinh (02V'i — V'i'02)} 

and the total Lagrangian density of the corresponding reduced model is 

2tt _ _ _ _ 

—C = d+(j)d-(j) + d+ifd-ip + ipid-tpi + tp2^-''p2 ~^ ''Pi^+'^'i + '4'29+fp2 ~ ^ (126) 

V = ^?lK'^+'^BK^l'^B-') + Ji^+''^^B^^l''^^B-^ 



Now comes the interesting part. To compute the supercharges associated to (|126p we use the general formula 
in the gauge A± = because /C^'' — 0, which reduce to (|69|) in the mKdV hierarchy. Writing the supercharges in the 



3 The A, S stands for AdSn and 5". 
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/-l-oo 
dx^G{d±if2), we find the densities G{d±if2) — ^Qi'^i^^^^'' terms of tlie foiiowing 2 + 2 reai 

component^ 

^^qi = ilj^d-f-ip + Tp29+4' + f-i {i^i'^oshif)smip + ^p2^^"^'^4>'^os(p) , (127) 
^^q2 = ^/'i^+i/) — ^/'29+i^ + /i ("01 sinli0cos(/3 — V2 cosli(/)siniy9) , 
^^Qi = — t/ijC?-!/? + '02'^-'/' + M (V'l cosli(/>siniy9 — ■02 sinli0cos(y5) , 
^^q2 = '01(^-0 + '/'2^-¥' ~ A* (V'l sinli0cosiy9 + ^^2 cosli(/)sin 1^9) 
and tliis is because we liave dimic'^p^^^^ = 2, as sliown in ([TT5|) . ([Ti5)) . Compare ([T?f| witli tlie superspace result 

Inserting i:)(+i/2) ^ eiFj;^^^'^\ D^^'^/'^'^ = e^pj;^^^^^ in tlie supersymmetry variations dHU), ([SSI) and using we 
obtain the (2, 2) supersymmetry algebra 

(5+1/2, (5^1/2 = 2(eie'i +£262)9+, '5_i/2, (5'_i/2 = 2 (eie'i + £262) 9-, [<5+i/2, (5-1/2] = 

in agreement with the result ()99p . (jlOOp in the absence of gauge group. These supersymmetry transformations (5±i/2 
are the same as the ones induced by the supercharges (|12ip . See also [6, for similar models constructed from the twisted 
superalgebras sl{2 \ 1)(2) and psl{2 \ 2)(2) . 

4.2.2 Reduction of the AdSs x superstring and possible (4,4) 2D SUSY. 

This model is more complicated because it has gauge symmetries and it is the first non-trivial case in which we want 
to test our construction, then we will study it in some detail. Although the Pohlmeyer reduced Lagrangian for the 
AdSs X superstring was already computed in [2], the existence of 2D world-sheet supersymmetry was conjectured to 
be of type N = (2, 2). Here we provide some evidence that the 2D supersymmetry is of the extended type N = (4, 4) 
instead of TV = (2,2). 

From the general discussion we identify ^ — )xsu{ 2 ) ' ^ ^ ^ ^ ^^'^ § ~ ^^u{i)xu{i)^'' ' then this model has 

gauge group H — U{1) x U{1) as shown in (|148p . We will concentrate on the vector gauge only, i.e = = / as the 
axial gauge i.e ^ I, en = —I follows exactly the same lines. 

Using the basis (|152p . we parametrize the physical fields as follows 

where i — \, ...,4 and Ba G SU{1, 1), Bs E SU{2). The group elements Ba and Bg are given by 
Ba = cxp Q(x + t)K["^^ exp [cbM^"^) exp Q(x - t)K[°^^ e SU{1, 1), 

Bs = exp Q((? + i')iff ) exp ((^Mf exp Q(0 - t')Ki°^^ G SU{2). 

The gauge transformations ((53|) acting on B are simply the shifts {t,t') — > {t + a,t' + /3) and we fix the gauge by 
taking t = t' = to get, in terms of 2 x 2 block matrices, the coset elements 

^ \ X3 Xi-iX2j U{1) ^ ^ 

B's = ] G^, (129) 

' V Yi~iY2 U{1) ^ ' 



^*SF means Supersymmetry Flows. 
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where 



cos X cosh (/), X2 = sin X cosh 0, X3 



sinh ( 



(130) 



Yi = cos 6* cos Y2 = sin 9 cos (fi, Ya — yl — Y^ — Y^ = smiy9 



The other necessary ingredient is the constant element A defined in (|150p and the gauge fields A± = a±K[°^ +b±K^^°\ 
Using the gauge field A± equations of motion given by (j54p we find 



a-t = =F- I coth 



5±X± 



sinh 



7F± 



b± = ±i f cot2 ipd±9 T -^Fi 
2 \ sm ip 



where = {ipi'ip2 ~ V^3'04)i F- — {4'ii'2 ~ ^Jid where we have used (I154|) and q'"^ = F±{K'C^ — K2'') 



(131) 



'(0) 



Once the A± are solved through their equations of motion (jl31l) we put them back in the gauged fixed Lagrangian 
obtaining the Pohlmeyer reduced action functional. However, instead of doing this we will integrate them out in the 
path integral without taking account of the quantum measure Jacobian, which gives the same classical answer. To do 
this, it is useful to consider the general integration formula 



DADAexp 



— ( {AM A + AN + NA) 

271 J 



exp 



if (-™"») 



(132) 



where A, A, N and N are vectors and M is an invertible matrix. 

The gauge field A± independent quantities entering the SSSSG model action ([5^ are 

(B-^d+BB-^d-B) = 2{d+(j)d-(f>~cosh^(Pd+xd-x + d+(fd-ip + cos^(fd+9d- 



(133) 



(a^+'^ba[ 



-1)5-1 



— -/i^ (cos 2ip — cosh 20) , 



(+l/2)^^(-l/2)^_l 



2pL ■ 



' COS ip cosh 



sin ip sinh -03 " "03^1 + "^2 V'4 - i'A^2) + 

C0S(6' + x) (V'lV'2 - V'2V'l - V'3V'4 + V'4V'3) + 

+ sin(6l + x) ('^iV'i + V'2V'2 + V'aV'a + V'4V'4) 



where we have used (|154p in the first line and (|155p in the last line. 
The gauge field A± dependent part of the action is 



= i-A^id+BB 



Q 



(0) 



A+{B-^d-B 



1(0) 



- A^BA+B-^ + A+A^ 



= a+MAa- + a+NA + N Aa- + b+Msb- + b+Ns + Nsb^, 
where Ma = 4sinh^ 0, Na = -2X_, Na = 2X+, Ms = 4sin2 ip, Ns = 2Y.,Ns = -2Y+ and 



(134) 



X+ = 9+xcosh + F+, X_ = 9_xcosh 



F-, 



Y+ = d+e cos^ ip- F+, 



y_ = d+9cos^ ^ + F_. 



Before performing the full a±,b± integration, by using (|132p . we will consider first the following two consistent 
truncations of the total model which are defined by 

/ : Bs ~ Id, -0]^ = -02 = "01 = "02 — s-i^cL b± — 0, 
// : Ba — Id, -03 = ?/'4 = = -04 = and a± — 0. 
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One comment is in order. The gauges b± — or a± — are only valid on-shell so they does not make any sense at 
the Lagrangian level. What we are doing is localizing in (pS)) only one part of the gauge symmetry (|5D|) while keeping 
the other part intact, i.e global. This is equivalent to the vanishing of some components of A± in the action (1521) . Then, 
in the limit / we get from (|134p and (I132p 

smh 

Putting all together with (I133P in this particular limit, we get the Lagrangian density 

- COth^ (j) [d-Xi^3'^4 - d+xi^3'^4] - — TT7^3'04V'3V'4 - 

smh 

— sinh^ — 2/Ltcosh0 [cosx(— '03V^4 + V^4V'3) + sinx(V-'3'03 + ^^4^4)] : (135) 

which should be compared with (|124p . 

After the a± gauge field integration there a residual C/(l) global symmetry which we now proceed to identify. The 
lagrangian (|135l) is separately invariant under the following global transformations 

X = X + ai, A±=e±'^iA±, (136) 

where ai — 2im, e R, A_|_ = -03 + *''/'4 ^nd X- — — i^^. The Noether procedure gives the corresponding charges 

/+00 /■+00 
dx^ coth^ (j) { {d+x + d-x)- {^s'^a - V'3V'4) } . Qx= dx^ (■03V'4 - ipsip^) , 
-00 J —00 

where is associated to the isometry of the metric and Q\ to the fermion electric charge. 

Let us extract the information encoded in the conservation law given by the zero grade equations of the Drinfeld- 
Sokolov procedure in this Vector gauge. From ((701) we have an Abelian charge 

f +00 



1 f^°° 

Qu{i) = X / dx^ (a+ - a-) 



Now, taking the gauge field components a± defined by (jl3ip in this particular limit and using Q^, Q\, we find that 
Qui!) — ~ {Qx ~^ Qx) ■ Then, the grade zero equations encode the conservations laws associated to the global symmetries 
of the reduced gauge fixed action. 



To compute the supercharges associated to (|135l) . i.e the grade ±1/2 DS equations, we use the general formula 

/+00 
dx^G{S±i/2) and using (jl56l) . 
-00 

(|157p we can write the fermionic current densities G((5±i/2) = it-^i^^^^'' terms of the following 2 + 2 real components 





1 


(-Vs^+^i 




- flip 4X3, 




1 


(-^39+^2 




+ ^1^^3X3, 




1 






- MV'4-'^3 




1 




i>^d-Xi) + 


fiip^Xs. 



(137) 



which have to be compared with the superspace expressions (jl25p . 
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Similarly, in the limit II we get 

Ijj = -NsM^'Ns = ^ 
sm (fi 

and the Lagrangian density 



2tt _ _ _ _ 

k 



1 



- cot^ if [a_6'-0ii/'2 - d+9ijjj^ijj2] r^— V'i'02V'iV'2 - 

sm ip 

—fi^ sin^ (p — 2/icos(/7 [cos9{ipi^2 ~ i'li'i) + sin 6'('(/'i^/'i + V'2V'2)] > (138) 
which should be compared with (|122p . Similarly, the U{1) global symmetry of (|138p is 

^ = 6l + a2, Pi^e^^^-^Vi, (139) 
where a2 = 27rn, /Sj G K, = i/'i + ^"02 ^-nd p_ — tpi — i'ip2- The Noether charges are 

/ + 00 /• + 00 

dx^cot^.^{(a+6' + a-6l)- (V'iV'2-V'iV'2)}: Qp= rfa;M0iV'2 - '0l'02) 

-oo J —OQ 

and as above, we have from (|70p an Abelian charge given by 

Qu(i) = '^^+ ^ ■ 

Taking 5± defined by (jl3ip in this particular limit and Qe, Qp, we obtain the relation Qu(^i) — + {Qe — Qp) . 
The superdensities can be written again as G{S±i/2) = q^F^^^^^'' in terms of 2 + 2 real components 

= ^i-ij,d+Y2+ij2d+Yi)-^i'^^Y3, (140) 

'^qt = ^{-iHd+Yi^i:2d+Y2)-pil^2Y3, 

= ^(-?^i9-yi+?25_>"2)-/^V'2^3, 

which should be compared with the superspace expressions (|123p . 

Now we perform the total a± , h± integration. This gives for p34l) that 



r = 



sinh^ (j) sir? ip 



Putting all together we get the full Pohlmeyer reduced AdSz x superstring sigma model action (see [2]) 

- —L = d+cj)d-(l> + coth^ (pd+xd-x + d+ipd-p + cot^ ipd+9d-9 + Uid-ij^, + tl^,d+il:,) - (141) 
k 



coth^ (j) [d+xF- ~ d^xF+] + coe ip [d+9F_ - d^9F+] - F+F_ ( — + ) - Ke 



V sinh^ (j) sin^ ip 



where i = 1, ...,4 and the quantities in Vuec are given in (|133p . Note that in the final form (I14ip . there is no way to 
take any field limit leading to (|135p and (jl38l) and we see how the two sub-models get coupled in a non-trivial way. 

41 



The Lagrangian f|141D is separately invariant under (|136p . (|139p and it is also invariant under 



where we have set ^2 — Pi—P- The Noether charges are 



—00 
+00 



dx^ coth^ cj) {{d+x + + {F+ - , 

/+00 
dx^ cQt^Lp{{d+e + 8-6) - {F+ - F^)} , 
-00 

/ + 00 
dx^ {F+-F-). 
-00 



From ([701) we have the residual C/(l) x U{1) global symmetry with conserved charges 

^ i<+oo I' + CO 

and with a±,6± defined by ()13ip . we find the relations 

Qa ^ — (Qx ~ Qp,a) , Qb — + {Qe — Qp.\) ■ 

The eight fermionic densities, because we have dim/C^^^^'' = 4 as can be seen from (I115|) . (|149p . ()15ip . associated 
to the reduced model are computed fronQ (jBS]) . They can be written as G((5±i/2) = qfF^^^^^\ where 

^''qt = ^ [-V^3 (d+Xi - X2F+) + i,^ id+X2 + + ^ [-tAi id+Y2 - Y,F+) + (d+Y, + Y2F+)] + 



^^93+ = 4- [-'/^i (^+^1 - ^2^+) - ^2 id+X2 + XiF+)] + 4 id+Y2 - Y,F+) + ^4 (a+Fi + y2i^+)] + 

-^3 J^3 
+^ (^1X3^2 + ?2^3>^1 + ?3^l5l5 + ?4^2>"3) , 

''''94+ = ^ [^1 {d+X2 + - 7/^2 [d+X, - X2F+)] + ;i [-V3 (9+^1 + 1^2^+) + ^4 (5+5^2 - + 

-^3 13 



and 



""^gr = ^ [-'/'3 (5-^1 + ^2i^-) - ^-4 (5-^2 - + ^ [V^i (9-1^2 + Y^F-) + V2 (5-Yi - F2F-)] + 

-^3 ^3 



^^92^ = ^ [v^3 (3-^2 - - ^4 + ^2^^-)] + ^ [-Vi - Y2F-) + V.2 (5-^2 + + 

-^3 J^3 
+^l (^1^21^3 - ^2^1 >3 + V^3^35"l - V'4^3>^2) , 

^^53- = ^ [-^1 + X2F-) + ^2 (5-^2 - XiF-)] + [-v^3 (a_y2 + y^f.) + - Y2F_)\ + 

^3 J^3 
+^l {-^iX3Y2 + yJ2X3Yl + ^3^1 ^3 - ^4^2 1^3) , 

^^94^ = ^ (a-X2 - - ^2 + X2F-)] + ^ [-v^3 - Y2F-) ~ ^4 (a_y2 + y^f^)] + 

^3 i^3 



Recall that we are not writing the Wilson lines. 
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are mixings of the two sub-sets of charges (|137p and (|140p . From the kernel superalgebra (I153|) we expect the reduced 
model to have an extended (4,4) 2D supersymmetry algebra with supercharges transforming under the U{1) x U{1) 
gauge group. Of course, this is an on-shell symmetry as shown above. We leave for the future the study of the field 
variations associated to the non-local charges (|68)) and the possible invariance of the gauge fixed action functional ((52|) 
under them. 

As we have shown there are two corners in field space in which we have two submodels (loosely) related to the (2, 2) 
supersymmetric models (jl35l) and (|138p . Possibly, these models are not related to the AdS^ x superstring because 
the reduction procedure requires the whole gauge symmetry group H to be local and not only a part of it. However, it 
would be interesting to see if it is possible to obtain these submodels as particular limits of the radius of the coset F/ G, 
i.e the constant k in the GS action (|104|) . In any case, it seems to be that in the reduction process these two submodels 
are entangled in the form (|14ip with a (possibly non-local) extended (4, 4) supersymmetry. This is argument is based 
solely in the number of non-local supercharges constructed above and, of course, a deeper study have to be donj^. 



5 Concluding remarks. 

We have provided substantial evidence that the conjectured existence of the world-sheet supersymmetry of the Pohlmeyer 
reduced models is of the extended type and generated by the kernel loop superalgebra /C constructed out of the sub- 
algebra C f. Of course, on-shell /C is a true algebra of symmetries which leave invariant the equations of motion 
and one of the most difficult issues yet to be solved, is to show the invariance of the gauge fixed SSSSG model action 
functional under an appropriate set of residual symmetry variations Sk.- For the moment, the supersymmetries just 
constructed are non manifest at the lagrangian level and the problem of making them manifest as well as the full 
Poisson form of the supersymmetry algebra in terms of the monodromy matrix will be addressed in the near future 
[lOj . If the action is SUSY invariant, perhaps we can try to use localization techniques to handle the partition function 
and to study its properties, at least in the conformal AdSs x 5*^ superstring in which the Pohlmeyer reduction have a 
chance to survive the quantization [25] . Another important problem to be studied is the construction and quantization 
of soliton solutions involving the fermionic fields for the set of semi-symmetric superspaces F/G associated to several 
Lie superalgebras f admiting a Z4 decomposition. Fortunately, this can be done by extending to the supersymmetric 
case, the results recently presented in |17j for the bosonic symmetric-space sine-Gordon models. 
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6 Appendix A: The superalgebra psu{l, 1 | 2) 

Consider the following distinguished Dynkin diagram of the superalgebra s/(2 | 2)c 

o-®-o, 

Qi ct2 aa 

want to thank Arkady Tseytlin for pointing me several subtleties related to the hyperkahlerianity and reducibility of the target manifold 
in relation to (4,4) SUSY. 
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where ai,a3 are the bosonic simple roots and 0:2 is the fermionic simple root. Introduce the step operators E±a^, 
E±a2- E±a3, E±a^±a2, E±a2±a3, E±aj^±a2±a3; the Cartan elements hi, /i2, ^3, I and work in a 4 x 4 supermatrix 
representation. Then, by introducing the matrices {Eab)ij — SaiSbj, a,b,i,j = 1,2,3,4, we have 

Eai = ■£'12, Ea2 = E23, Ea3 = E34, Ea^+a,^ = E13, Ea2+a3 = E24, £'ai+a2+o;3 = -£'14i 
hi = Ell — E22, ^2 = -E'22 + -E'33, = E33 — E44, 

where the matrices corresponding to the negative roots are represented by the transpose of the matrix corresponding 
to the positive root, e.g E-ai = (-Eai)*- We introduce these matrices in order to write the base of the su(l,l | 2) 
superalgebra in terms of them. 



6.1 Z4 grading and f"'",f ' decomposition of psu{l, 1 | 2). 
An element M c sl{2\ 2)c can be represented by a 4 x 4 supermatrix 

M 



■A X' 
Y B, 



where A, B are (even) complex 2x2 matrices and X, Y are (odd) complex 2x2 matrices. Introduce the following 4x4 
matrices 

-(o3. 

and recall the definition of super-transposition and super-Hermitian conjugation 



Ml' = 



At 



iFt 



, - iXt St 



The f = psu{l, 1 I 2) superalgebra is a real form oipsl{2 \ 2)c and can be represented by 4 x 4 supermatrices modulo 
the identity matrix. It is defined by M* = —M where M* = SME. The Z4 decomposition of f is implemented by the 
action of the following automorphism = —KM^*K, which allows the splitting of f as a direct sum of subspaces 
f = fo ffi fi ® f2 ffi fs where each fj is the eigen-space of SI with eigenvalue j i.e for M e fj we have = PM. We also 
have that [fi,fj] C f(i+j)mod4- 

Imposing M* = —M we get At — ~gAg, — —B and Ft = —iaX defining respectively the su(l, 1) and su{2) Lie 
algebras and reducing the number of odd elements. Using = PM we find that fj is formed by the supermatrices 
obeying 



fo : Ao = -a Ala, Bo = -aB^a, 



fi : y = iaX^a, 
Written in terms of step operators we get 



J2 

fs 



A2 = (yA\a, B2 = (jBla, 



Y 



-iaX*a . 



fo 



/Ol = (Ea-^ + E^ai) I 
/02 = i{Ea3 + E^as) J 

fll = {Eai+a2 + iE-ai-a2) 
fl2 — (^-E'ai+CK2+ct3 ~t~ — a2 ^f^3 ) 

/l3 = iEa2 — iE-a2) 



fli = {iEa2+. 



— R 



/21 = ihi 

f22 = i{Eai — E-ai) 

/23 = iha 

, /24 = (-Bqs - -E-as) , 

/3I = (*-E'ai+a2 +-£'-01-02) 
/32 = {Eai+a2+a3 



33 



HEa 



E-a2) 



/34 = (-^02+03 *-£'- 
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where in the notation fia the index i — 0,...,4 stands for the Z4 eigenvalue i of the subspace fi and the index 
a = 1, ...jdimfi is just a basis label. 

By defining the semisimple element A — ^ (/21 + 723) G 02, we obtain the decomposition of the superalgebra in 
the Z2 form f = f"*" ® f " , where f"'-^ ker (ad (A)) , fll = Im (ad (A)) and where every subspace is also decomposed as 
f<=f.^+fl- Wefind 

f(j- : {0} No gauge flows, (142) 
fH : < '^^ '^"^ > — ^ ^ bosonic fields, 

y A/02 = /02 J 

fi : \ ^" " -^ii I ^ 2 SUSY flows, (143) 



-^"12 — /: 



14 



: < '^^^ > — 5- ^ fermionic fields. 



G12 = /: 



13 

fl : •! ^^^^ '^■^'^ [• — > A^o dynamics, 



M22 — /24 

-^"31 = /31 

^32 — /34 



^ SUSY flows, (145) 



f| : < '^■^■^ > — > ^ fermionic fields. 

[ G32 = fss J 

From the loop superalgebra setting Q, (|H), we get the basis elements in K. — f-^ and M. —J^^ 

Ft"'^ = z-"^F,,eK.^^"'\ ^;(+^/^' = z+i/^Fn e 4+^/^\ (146) 

The kernel algebra /C is 

|^(±i/2)^^(±i/2)| ^ ±2%Ai±^\ = 0. (147) 

In this case the algebra K, is related through 5)c to the usual (2, 2) supersymmetric extension of the 2D Poincare algebra. 



6.2 Z4 grading and f-*-, f" decomposition of psu{l, 1 | 2) 



x2 



An element X C sZ(2 | 2)^^ can be represented by a 8 x 8 supermatrix 

\Q N)' \y Bj \W D)' 

where M and A'' are 4x4 elements of sl{2 \ 2)c. The f =psu{l, 1 | 2)^^ superalgebra is a real form of psl{2 \ 2)^"^ and 
can be represented by 8 x 8 supermatrices modulo the identity matrix. It is defined by M* = —M and A^ = —N*, with 
* as above, then the only subtle point relies in the Z4 decomposition Pj. Introduce the following 8x8 matrices 
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The Z4 decomposition of f is implemented by the action of the following automorphism = —KM^^K. Using 
= VM we find that fj is formed by the supermatrices ^ € f obeying 



fo 



h 



/A 


u 


u 


\ 




/n 




u 







B 








, fi : 


Y 

































\o 














{0 







/ 


(A 








o\ 






[0 


X 





\ 





B 










h ■■ 


Y 

















A* 


















\o 








B7 






Vo 











where Y = iX'^Y, and S is defined above. It is enough to consider only the first copy of psu(l, 1 | 2) inside f 
and we can return to the 4x4 supermatrix representation of psu(l, 1 | 2) used above. Note that now we have 
fo = f2 = su(\, 1) X su(2). 

By taking the semisimple element A — | (/21 + /23) G 02, we obtain the Z2 decomposition f = f-*- ® fH of the 
superalgebra and every subspace f , is decomposed as fi = f + f|' , with 



f^ 



K02 = ihz 



Z7(l) X U{1) gauge flows, 



fll 
To 



M02 =z(£;ai -i;-ai) 
Mo3 = (E'as — -E-ag ) 
, MQi = i{Eo,^+E_^;) , 

-Fll = (-Eai+a2 +^-2^-ai-a2 

-F12 = (''-Eni+aa +-E'-ai-a2 



^ bosonic fields, 



(148) 



(149) 



0:2+0:3 



^ SUSY flows, 



Gil (-^Qi +Q2 ai — a2 — cts ) 



: < 



G12 — (^-Fai+Q2+<^3 ^ -F— ai— a2— 03 
Gl3 = (£^(12 ~ iE-a^) 
Gi4 = (i-Ba2 ~ E-a^i) 

' K21 =Koi 1 

-K'22 = -f^02 J 

M21 = Moi 

M22 = Mq2 
M23 = Mo3 
M24 = Mo4 



fermionic fields, 



A = - {K2I + K22) : 



No dynamics. 



(150) 



f3^ 




SUSY flows. 



(151) 
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(J31 

^33 
G34 



Gil 
G12 

Gi3 
Gi4 



> 4 fermionic fields. 



In the loop superalgebra, we have the following basis elements of K. and M. 



(-1/2) 



(0) 



(-1/2) 



(152) 



The kernel algebra /C is 

|^(±i/2)^^(±i/2)| ^ ±2<5,,Ai±^ 



[^(0)^^(±i/2)] ^ 



(±1/2) 



a =1,2, 



2%ZW, 



where Z^'^' = if^^' + ifj^^ commutes with everything in /C and [Xjj] 



'(0) 



with 



1 
-1 



(153) 



. In this case 



e 
^ -e ^ 

the algebra /C is related through Sic to the N = (4, 4) supersymmetric extension of the 2D Poincare algebra with a 
gauge group U{1) x U{1). 



7 Appendix B: Relevant quantities used in the computations 

Using the definitions of Appendix A, section 6.2 we obtain, respectively, the following currents, traces and conjugations 



d+BsBs' 
Bs'd.Bs 
Bs'd-Bs 



(9+x cosh^ 0) k[^'' + (cos xd+ip + 9+x sin x cosh sinh (j)) M^^^ + 
+ (sin xd+(f> — d+x cos x cosh (p sinh (j)) M^^ , 
{d+9 cos^ Lp) Kf^ + (- sin Od+ip + d+O cos 6* cos ^ sin (^) ^ + 
+ (cos 6*9+ + sin cos (/^ sin 93) M^"-* , 

(9_xcosh^ 0) /i'f + (cosx9_(/) + 9_ X sin X cosh (/) sinh 0) m}°^ + 
+ (— sinx^-?!' + 9_ X cos X cosh sinh 0) 
(d-O cos^ ip) K^°^ + (sin Od-cp - 8-6 cos 6 cos sin tp) Mg^"^ + 
+ (cos 68- ip + 8-9 sin 6 cos ip sin v?) Mj^^ . 



(154) 



^(+1/2) R^(-l/2)^-l 



^(+1/2) 1^ 



BG 



(-1/2) 



B- 



G 



(+1/2) 



5(7 



(-1/2)^-1 



-(g: 



^(+ 



BG 



(-1/2) 



5- 



1/2) ( 

g[+'/'^ Ibg[-'/'^b-' 

Gt"^^ Ibg[-'/'^B-' 



2cos<^cosh0sin(^ + X), i = 1,2,3,4 



G 



( + 1/2) 



^^(-1/2)^_1 



= -(g(+'/'M5G4 



(-1/2)^-1 



2cos</JCOsh(/)COs(^ + x)j 



= G 



.( + 1/2) 



^^(-1/2)^-1 



= (Gi+^/^) (5G(-^/^)5-i)) = 2sin<^sinhc 

;g^+^/^) (bg(-^/')b-i)) = 

[Gi+'/'^ (bG^-"^^B-^))=Q. 



(155) 
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^-lg(+l/2)^ 



^-l(^(+l/2) 



_l^(+l/2) 



B-'G 



B 



B 



BKi'^^B-' 
BK^^^B-^ 

b-'k[°^b 
b-'k["^b 



sin X sinh 20M-[°-' — cos x sinh 2(I)M^^ , 
cos 6* sin 2i^Af;^°^ + sin 9 sin 293M^°^ , 
sin X sinh + cos x sinh 2(j)M^'^ , 



cos 61 sin 2(^M3^"' + sin 9 sin 2(^M]''^ , 



(0) 



'bg[' 


-1/2)^-1^ 




— -'^2X3^1 


-1/2) 


- X.YsF^- 


-1/2) 


+ X:iYiFi- 


-1/2) 


+ X3Y2F^- 


-1/2) 


[bg[- 


-1/2)^-1^ 




= X^Y:iF[- 


-1/2) 


+ X^YsF^- 


-1/2) 


- X3Y2F^- 


-1/2) 


+ X3YiF^- 


-1/2) 


[BGi- 


-1/2)^-1^ 






-1/2) 


- X^Y^F^- 


-1/2) 


- X^Y^F^- 


-1/2) 


- XiY^Fi' 


-1/2) 


[bg[- 


-1/2)^-1^ 




= x^Y2f[- 


-1/2) 


+ X^YiF!f 


-1/2) 


+ XiYsF^- 


-1/2) 


— -^^2^3-^4 


-1/2) 








-1/2) 


+ x,y,f!,^"'^ 


- X,Y,F^+'^'^ 


+ ^3>'2i^i" 


hl/2) 



-X,Y,Fi+'^'^ + X^YsFt'^'^ - XsY^Ff^'^ X,YFt'^'\ 



-X3Y1FI 



(+1/2) 



( + 1/2) 



(+1/2) 



X1Y3FI 



( + 1/2) 



= X,Y2F^^'''> - XayiF^^ ' - X.YsF^-^''^' - X2Y3F^ 



where Xi,Yi, i — 1,2,3 were defined in p30p . 
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